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1. Basic idea and outline

Many magnetic phenomena in solids described using effective Heisenberg-type Hamiltonians.
H =3 JijSi-S;,

where J;; are coupling parameters and

Si (S;) is the spin operator connected with the unit i (j).

Unit: orbital, atom, aggregate of atoms etc.

Jij < 0/Ji; > 0 ... tendency towards parallel/antiparallel (FM/AF) ordering.

The standard solid state Hamiltonian does not contain any Heisenberg-type terms
and the common interaction between magnetic dipoles is too small (see chapter 32 in AM).
What is the origin of these terms?

In this text, the basic strategy for deriving Heisenberg-type Hamiltonians starting
from the solid state Hamiltonian will be presented.

Suitable representation of the solid state hamiltonian — Neglect of terms that can be assumed
not to be important in the given context and/or Construction of an effective Hamiltonian act-
ing on the relevant subspace of the Hilbert space only — Transformation of the approximate
Hamiltonian into an expression involving Heisenberg-type terms.

2. Description of a many-electron system at the Hartree-Fock level

3. Solid state Hamiltonian in the basis of the Hartree-Fock orbitals and in the basis
of the Wannier orbitals

4. Approximations: direct Coulomb repulsions and (simple) exchange terms,

the Hunds' rule coupling term

5. Hubbard Hamiltonian

6. Heisenberg Hamiltonian for a simple Mott insulator
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2. Description of a many-electron system at the Hartree-Fock level

Solid State Hamiltonian (nuclei fixed):

A 7 2
H = Z{——V2+UJ rz} Z \rz—rj| r):Z—‘r_J—eR

1,7,07#] J

Hartree-Fock variational ansatz: Slater determinant consisting of Hartree-Fock-Bloch
spinorbitals o, (r, o).

In this section we consider a non-spin polarized case, i.e., @,(r,0) can be written
as Yni(r)x(0), x = Xt or x|, 1 does not depend on the spin and the occupation of spin up
states is the same as the occupation of spin down states.

Hartree-Fock equation for the Bloch waves:

{ 2h V? +0;(r) + va(r) + Ux} bur(r) = €nrthni(r)

where

_2 d / |¢pk’ ‘
Z / r—r/|

pk’ Jocc.

il == ¥ [ s,

3/19



2. Description of a many-electron system at the Hartree-Fock level

By multiplying both sides of the HF equations by " (r) a integrating dr we obtain

12 12

o = (nklunk) + 7 2k, pk' | S ke, pk') — D7 {nkk, pk | | pK k)
pk’ Jocc. | I'l k! occ. | I'|
where
h? 9
hl = —%V +UJ(I’),
@ Lt = [ arae OO0
|Ar| r — /| '

The sum of the second and third terms on the right hand side of the equation for €,; will be
denoted as A¢,.
Hartree-Fock based Hamiltonian used in studies of low-energy excited states:

_ :E : t
HH.F. - EnkCpisCnks -

nks
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3. Solid state H. in the HF basis and in the W. basis, (a) HF

H=Hyp + Viin — AHpp, where

1 12
Vint = E Z <nk1, ka

/ of
|A ‘ qk rk > nk: s pk2s/crkés Cakt s 5
kl,kg,k’l,ké,n,p,q,r,s,s’

and
AHpp = Z Agnkcjlkscnks =
nks
o2 12 T
/ / / /
Z { (nk, pk Ar] nk, pk') — (nk, pk Ar] pk,nk)} Vpl/Cp 1.sCnks -

nk,pk’,s

Here v, is the occupation factor, in the simplest case v, = 0 or v, = 1. The term AHpp
has to be subtracted in order to avoid double counting. If the essential effects of the Coulomb
interaction are included already at the H.F. level, the term Vi, — AHpyp can be treated
as a perturbation. If the interaction term is dominant this is not possible. In such cases it is
often more suitable to employ a localized basis set, e.g. the Wannier basis {¢,(r — R;)}.
Transformations between the two basis sets:

e —R) = DM ale) sl - SR,

1 , 1 ,
—ikR,; 1kR;
Cnks = € *Cnis s Cnis = € "Cnks
VN Z VN Zk
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3. Solid state H. in the HF basis and in the W. basis, (b) W.
Operators Hy g, Vint, AHyp:

_ T
Hpyp = E LijnChisCnijs »

1Jns

where
zgn = Zgn
Vi = > Viin,jp kq,lr)cl; c!
int — 9 m, Jp, kKq,Llr Cniscpjs’crls/ch87
ijkl;npqr;ss’
where
20" (r — R;) o (r — r—Riy)o(r — R
V(in, jp, kq,lr):/drdr’ o )0p(r" ~ Rj)Pq(r = Re)or( )
v — /|
AHpp= Y [2V(in,jp, kn,Ip) = V(in, jp,Ip, kn)] vichicoks
ijkl,np,s
where

) § k(R;—R;)
I/le l/p .
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4. Approximations: direct Coulomb repulsions and exchange terms ...

The expression for Vi,; on the previous slide is fairly complicated. For this reason, usually
only two classes of coupling terms are taken into account.

(a) Direct Coulomb repulsions, i.e., terms with (in) = (kq) a (jp) = (Ir);

(b) Exchange terms, i.e., terms with (in) = (Ir) a (jp) = (kq).

Ad (a).

1
‘/c - 5 § ‘/ijnpnnisnpjs’ )

ijinp,ss’,(ins)#(jps’)

Vi = [ Lo RO 0~ )

v — /|

where

is the so called Coulomb integral and n,;, = cjmcms. For a single band (n), i.e., just one
W. orbital per atom, we obtain the Hubbard interaction term:

V;: = Z Unm’Tnm’i
)

with V;'jnn = (SZ]U
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4. Approximations: direct Coulomb repulsions and exchange terms ...
Ad (b).

1 3 ot
Vex = 5 JijanmSijS/Cms’ijs )
ijnp,in#jp,ss’
where

20 (r — R;) o (r' — R;)o,(r — R:)o,(r' — R;
i = [ dea 0 = R R Ryl R
v — |
is the so called exchange integral. The term with in = jp is excluded because it is contained
already in the direct Coulomb term. The expressiom for V., can be simplified by introducing
spin operators S;, = (S%,, S5, SZ,):

mr ~n)

x/ylz 1 + + ( ) Cint . 01 . 0—1 . 10
Sin = Q(CinT’CiTw) Ux/y/z (CWLL) y Op = (10 5 Uy - i 0 y, Oy = 0—1 .

Physical meaning of S;,,: it is a one particle operator, that can be expressed as ), sj Py in,
with the sum running over all electrons, sy is the spin operator of the k-th electron (in units
of h) and Py, is the projector on the subspace corresponding to the W. orbital ¢, (r — R;).
After some manipulations we obtain

1
‘/éx - - Z Jijnp[sin : Sjp + _ninnjp] .

o~ 4
iJnp,inFjp
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4. Approximations: Discussion of the exchange term

Z Jljnp in - Sjp + inmnjp]

ijnp,injp
Remarks:
(i) In some cases, the occupations of the Wannier orbitals can be assumed to be fixed,
the operators n;, a n;, can then be replaced with their eigenvalues and only spin degrees
of freedom remain active. In the following considerations we assume that this is the case.
(i) Jijnp is @ positive real number. Vi thus prefers configurations with parallel spins (FM).
(iii) Interpretation: electrons with parallel spins avoid each other better than electrons with an-
tiparallel spins, a consequence of the Pauli principle.
(iv) Jijnp decreases approximately exponentially with increasing distance |R; — R;|. The
elements J;;,, are therefore much larger than elements with j # 4, and the latter can be

usually neglected. We obtain
Z Jiz’npsin S

inp,n#p

The term containing n;, a nj, has been omitted. The formula allows us to interpret the first
Hund's rule, the expression on the r. h. s. is therefore labelled as the H. rule coupling term.
(v) The latter plays an essential role in the theory of ferromagnetism, but it is not the only
player. Realistic models include, in addition, the one-particle term (the effective kinetic
energy) and the on-site Coulomb repulsions. A description of a common ferromagnet in terms
of a Heisenberg-type Hamiltonian is a phenomenological one.
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5. Hubbard Hamiltonian

Here we address the one-band Hamiltonian with the Hubbard interaction term, the so called

Hubbard Hamiltonian:
H = Zt”czscjs + Z Uningg .

178

The band index has been omitted for simplicity.

(a) Physical interpretation of the first term.
Consider the case of |¥(0)) = c}|0). Using the Schrodinger equation we obtain

[T (t)) = c[0) — Zt”cwo

for sufficiently small values of t. The amplitude of the transition (“hopping”) from j do i
per unit time is thus —(i/R)t;;.

tij ... "hopping matrix element”

Zijs tijcj.scjs ... "hopping term”, “effective kinetic energy”

(b) Physical interpretation of the second term.

On-site Coulomb repulsions between electrons with antiparallel spins. The term is used
to describe correlations between spin up and spin down electrons, that are not included
in the H. F. theory. , Effective potential energy”.
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5. Hubbard Hamiltonian, estimates of U ...

(c) Estimates of U and of some other matrix elements.
Consider 3d orbitals of an atom of a 4th-period transition metal.
Rough estimate of the expectation value of the interaction between the nucleus and a 3d elec-
tron: 7R
27 “Ry

<V> ~ n2 )
where Z* is the effective charge of the nucleus, Z7* ~ 5 — 10, and n = 3. We obtain
(V) ~ 50 —200eV.

Rough estimate of U:

27" Ry
n

It can be seen that the values of U are comparable with the conduction band bandwith

of the order of tens of eV.

U= ~ 15 —30eV.

Rough estimate of matrix elements of the type (i, ’fA/—il‘i,j}, where i, are nearest

neighbours. For the sake of simplicity, let us assume that the Wannier orbital are fairly

localized. Then we have

e'? 2Ry

|Ar| Rlao]’

where R is the distance between nearest neighbours. For transition metals we have R = 5ay

6/2
[Ar]
an electron at ¢ and an electron at j will be further reduced by screening effects.

(i, ] i,j) ~

and (i, j i,7) = 5eV. The Coulomb interaction between two electrons at i or between
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5. Hubbard Hamiltonian, estimates of U ...

6/2

Rough estimate of matrix elements of the type (i, AT

i,7), with 7, j nearest neighbours.

612

Ar

(i,

iy = [ et LRI Rk~ Rl Ry

v — 1’|

This expression can be viewed as the interaction energy of a charge cloud of the density
e¢*(r — R;)¢(r — R;) and a charge cloud of the density e¢*(r — R;)¢(r — R;), the so
called overlap charge density. The absolute value of the overlap charge ¢ is approximately
by an order of magnitude lower than |e|. Therefore

6/2

| Ar|

2qR
i,j)%LzleV.

(i, 05 Rlao]

The above estimates allow us to conclude that the matrix element U is indeed considerably
larger than other Coulomb interaction matrix elements and that it is likely to play the main
role in the physics of local electronic correlations.
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5. Hubbard Hamiltonian, general remarks

(d) General remarks on the Hubbard Hamiltonian

e |t is the simplest possible Hamiltonian allowing one to address correlations
between spin up and spin down electrons.

e Fundamental role in theory of magnetism and superconductivity.

e Analytical solutions only in the 1D case and in the coD case,
for a basic information, see chapter 12.5.3 in Fulde's textbook.

e Effective kinetic energy (7" in the following) and the effective potential energy
(Vi in the following) play here similar roles as the kinetic energy and the potential
energy in one-particle quantum mechanics (delocalizing electrons and localizing electrons,
respectively).
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5. Hubbard Hamiltonian, limiting cases

(e) Limiting cases.

(cv) First limiting case: U = 0.

(6) Second limiting case: t = 0.

Ad (a). This is the so called "band limit". Exact solution: Slater determinant consisting
of H. F. B. states.

In the following (including part (3)), for concreteness, we consider a simple one-dimensional

lattice with lattice parameter a, N lattice points and [V electrons. One-particle states: 1+,

Vx|, energies: ¢ = 2t cos(ka), quasiparticle operators: ¢y, c;rgs.

The ground state is nondegenerate,
Vo) = H—2%<k<2laCLTCL¢|O> -

Ad (). This is the so called “atomic limit”. In the ground state, there is one electron
at each lattice site - this minimizes the effective potential energy. The charge distribution
is thus given, the spin distribution, however, may be arbitrary, and the ground state is 2%V

degenerate,
Ws) = Hﬁﬁ%/dﬂ@ :
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5. Hubbard Hamiltonian, Mott transition

(f) Mott transition.
W) =z cezchiel |0), [U5) = TN el /el [0)

For finite U and t none of the state vectors |¥,), |Ug) is an eigenvector. We can, how-
ever, pose the following question: Which of the two vectors provides a better description
of the ground state (i.e., a lower value of (H))? We obtain

AN NU 4N NU
(Wa|T|Wa) = — , (Ta|Var|Va) = ==, (ValH|Wa) = — + =

(USITIW5) = 0, (Ws|Via W) = 0, (05| H|Ts) = 0.

Clearly, for U < 16|t| /7 (U > 16]|t|/7), the state vector |¥,) (any of the state vectors |¥g))
represents a better variational ansatz. Recall that ¢ < 0 (remember the corresponding descrip-
tion of the hydrogen molecule) and that 16|¢| /7 is very approximately equal to the bandwidth
W = 4]t|. Results of more sophisticated calculations demonstrate that

for W > U the electrons are delocalized and the system behaves as a metal,
in agreement with the rule that an odd number of electrons per unit cell implies
a metallic behaviour,

for W < U the electrons are localized and the system behaves as an insulator,
the so called Mott insulator, in contrast with the above mentioned rule.

This is the so called Mott criterion and the transition between the metallic state and the in-
sulating state is denoted as the Mott transition. The essential property of the Mott insulator
is that the charge degrees of freedom are frozen and only the spins remain “alive”.
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6. Heisenberg Hamiltonian for a simple Mott insulator

In order to derive an effective spin Hamiltonian, we consider first, for the sake of simplicity,
the case of N = 2, we have two sites and two electrons. The Hubbard Hamiltonian reads

H=T+Vy,T= Zt(cgscls + CLCQS) , Vi = Unyyng + Ungying,
S

We shall limit ourselves to the case of U >> t. The interaction term (i.e., the Hamiltonian
of the atomic limit) can be considered as the “unperturbed” Hamiltonian and the kinetic
energy term as a perturbation. Solutions of the unperturbed problem are

I, [T 14D, 44 ... E =0 subspace L
1L |=), | —|1))... E = U subspace H .

Next we focus on state vectors thats evolve, “after the application of the perturbation”,
from the low-energy subspace L. Our aim is to find an effective Hamiltonian H.; acting
on L such that, if |U) satisfies H|V) = E|V), H.;Pr|V) = EPL|V).

Here P, is the projector on the subspace L.

Assume thus that |W) satisfies H|W) = FE|¥). The Hamiltonian can be expressed
in terms of the projection operators:

H=PHP,+ P HPy+ PhbHP;, + PuHPy = PLVyP; + PyVy Py + Py T P, + P1T Py

and |U) = |U;) + |Vgy), where |U;) = Pp|¥) and |¥y) = Py|V). After inserting
this into Eq. H|V) = E|¥) we obtain
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6. Heisenberg Hamiltonian for a simple Mott insulator

(PLVHPL + PyVy Py + PyTPr, + PLTPH)(|\IJL> + ‘\PH» = E(|\IJL> + |\IJH>) .
Let us act on this equation first with P; and second with Py. We obtain:
PLVHPL‘\I}L> + PLTPH‘\IIH> = E’\I/L> ,
We use the second equation to express |V ),

1

W p—
V) E — PyVyPy

PyTPr|Vy),

and insert this into the first equation. We obtain

1
E — PyVy Py

Using PLVyPr, =0 a PyVy Py = PyU Py we further obtain

P TPyTPL
E-U

W) =EVp).

The last equation is still, within the given model, exact. For £ << U (applies to the low
energy sector), we can neglect ' as compared to U in the denominator and we obtain

P TPLyTPp,

Hef‘\IIL> - E‘lDL> Wlth Hef = — U
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6. Heisenberg Hamiltonian for a simple Mott insulator

Next we express H. s in terms of spin operators. Using explicit representations of the projectors
P; and Py we obtain

Tl5) Gl (2)

> k) (K]

keH

Hy=-7 > lT

ijieL.jel

Using > ey = 1 — > icp and the fact that matrix elements of 7" on the subspace L are
equal to zero we further obtain

2

P;T?P 1
Hef - _% - _EPL Zt(C;SCls + CJ{SCQS) PL -
= PLJ (Sl . SQ — n1n2> PL;

where J = 4t?/U. In the final expression, the symbols P;, are usually omitted.

In a more general case of N lattice sites and N electrons we obtain
1 nin;
Hep= 3P0y J (Si.sj— ; )PL,

0,J517]

where J;; = 4t§j/U. Again, the symbols P;, are usually omitted.

18/19



6. Heisenberg Hamiltonian for a simple Mott insulator

Concluding remarks:

(i) As in the case of the spin representation of Vi, it is not necessary to consider the n;n;
term of the effective Hamiltonian, in conjunction with the projectors, it provides a constant
contribution.

(i) The interaction constants .J;; are positive, the (ij) term therefore prefers configurations
with antiparallel spins at sites i a j (AF).

(iii) Interpretation. For simplicity, consider N = 2. In a configuration with parallel spins, none
of the electrons can hop to the neighbouring site, this is not allowed by the Pauli principle.
In a configuration with antiparallel spins, any electron can “visit” the neighbouring site. This
is not blocked by the Pauli principle. Of course, the electrons are still localized by U, but the
probabilities of the visits are finite. It implies that configurations with antiparallel spins exhibit
a lower kinetic energy than those with parallels spins. The mechanism is therefore labelled as
“kinetic exchange” . In real Mott insulators the hoppings proceed via intermediate atoms
and the mechanism is labelled as "superexchange interaction”.

More rigorously: matrix elements of T' between states of the subspace L and states of the
subspace H are nonzero. Degenerate perturbation theory provides the corresponding effective
interaction on L.

(iv) The values of the interaction constants .J;; can be in principle obtained by first principles
calculations.
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Dynamical Mean Field Theory
(Dated: June 19, 2019)



I. INTRODUCTION

The Dynamical Mean Field Theory (DMFT) is a technique whose development relied
on the essential contributions by Metzner and Vollhardtt, Metzner?, Miiller-Hartmann®,
Georges and Kotliar®, and Jarrell”?. DMFT has been developing rapidly since the first days
of its introduction, and many reference articles, reviews and PhD thesis are available®1Y,
The derivation we present here is called the “cavity” method, after an approach extensively
used in classical statistical mechanics. Georges and collaborators applied its concepts to the
derivation of the DMFT equations™. This is by no means the only possible way to proceed,
but has the advantage of providing a straightforward physical interpretation of the approach,
and also of highlighting the links between the DMFT approach and other well-known mean
field theories. Another popular approach is based on the expansion of the free energy and
the correlation functions around the atomic limit. The latter was initiated by the pioneering
work of Metzner and Vollhardt!, who demonstrated the simplifications brought about by
the d — oo limit applied to the Hubbard model.

DMFT is a mean-field theory, and can be viewed as an extension of the well known mean
field approach applied to the Ising model. For example, the mean-field approximation of
the Ising model becomes exact in the limit of infinite coordination, and the same is true
for DMFT. Intuitively, this can be understood because in the limit of infinite coordination,
the neighbors of a given site are seen, from this site, as a continuous “bath”, which indeed
corresponds to a mean-field.

In the cavity method, a particular site of the lattice is singled out, e.g., site o, indexed
by ¢ = 0. The degrees of freedom of all the other sites are then integrated out, which
allows the derivation of an effective Hamiltonian for site o. This Hamiltonian may be
mapped onto a single-impurity Anderson model. The comparison is most easily expressed
in the functional integral representation of these effective models. Thus, we first illustrate
the way the non-desired degrees of freedom are integrated out in the framework of the
Lagrangian representation of the physics of a few models. We first examine the case of a
non interacting system, in order to identify how the Green’s function is present inside the
Lagrangian formulation. Then, we derive effective models for the single impurity Anderson
model and the Hubbard model in the limit of infinite coordination, and demonstrate how

they are related. This will allow us to develop a system of self-consistent equations, which



can be iterated to find the solution of the problem at hand, provided the impurity problem
can be solved. The numerical approach to the solution of the impurity problem is an active

research topic in itself.

II. COHERENT STATES FOR FERMIONS

The simplest possible mean-field approach to the Hubbard model is based on the as-
sumption that the fluctuations of the density of electrons on a site are small compared to
the value of the average. This allows the interaction term to be transformed from a quartic
form to a quadratic form, and provides some useful insights into the physics of the model.
A deeper insight can be gained in a more natural and concise way by using the path-integral
formalism, which we will now introduce. Once this formalism is introduced, we will use it
to derive an alternative mean-field approach to the one-band Hubbard model, which will
provide the so-called spin-fermion model. The material in this section follows closely the

derivations provided in Ref?

A. The basis of coherent states

When dealing with many-body fermionic systems, it is frequent to make use of Slater
determinants in order to obtain a set of suitably symmetrized states forming a basis of the
Fock space. Another extremely useful basis of the Fock space is the basis of coherent states'?.
Although it is not an orthonormal basis, it spans the whole Fock space. Just as the states
|r) are defined as eigenstates of the position operator 7, the coherent states are defined
as eigenstates of the annihilation operators. It is instructive to examine why annihilation
operators, rather than creation operators, are considered for this purpose. Let us consider
a general vector of the Fock space |¢) and expand it in the occupation number basis:

o0

|¢) = Z Z Paran o1 ), (1)

n=0 aq...an

where | ... ) is a many-particle state where single-particle states s, . . . ay, are occupied.
Now, consider the infinite but countable set made up of the positive numbers of particles
in each of the components of |¢). This set being countable, made up of integer numbers

greater than or equal to 0, it possesses a smallest element. Application of a creation operator



increases the value of this smallest element in the obtained ket by one, and therefore the
image ket cannot be a multiple of |¢): a creation operator cannot have an eigenstate.
On the other hand, this set does not necessarily possess a largest element: physically, |¢)
may contain components with all particle numbers. As a consequence, application of an
annihilation operator does not preclude the image ket to be proportional to |¢). In other
terms, nothing forbids the ket |¢) to be an eigenstate.

Assuming such an eigenstate |¢) of the annihilation operators a, has been found, then

Ao |9) = Pa|@) -

The commutation (anticommutation) relations of the creation and annihilation operators for
bosons (fermions) then have an interesting consequence for the eigenvalues ¢,. For bosons,
the eigenvalues commute, and can therefore be ordinary complex numbers. For fermions
though, the eigenvalues anticommute, ¢gp, = —@o¢s. This requires the introduction of

anticommuting variables, called Grassmann numbers, which we will now focus on.

B. Grassmann algebra

Algebras of anticommuting numbers are called Grassmann algebras. For our purpose, it
will be sufficient to view the rules of Grassmann algebra as a clever mathematical construct,
which takes care of all the minus signs related to the necessary symmetrization of fermionic
states, in the same way as second quantization does it. For a more thorough mathematical
treatment of these algebras, we refer the reader to Ref*?. A Grassmann algebra is defined by
a set of generators {{,}, @ = 1, ..., n. Such generators anticommute, {3, +&,€s = 0, so that
&2 = 0. The set of all distinct products of the generators makes up a basis of the algebra:
any number in the Grassmann algebra is a linear combination with complex coefficients
of the numbers from the set {1,&,,, -, 80,80y - - > Earas - - - Ea, } Where by convention the
indices are ordered: a; < ag < ... < «,. The dimension of the algebra is therefore 2".

In an algebra with an even set n = 2p of generators, conjugation is defined as follows:
a set of p generators is selected, and to each of these &,, a different generator among the

other p is associated, and denoted £. The following properties then define conjugation in



the Grassmann algebra:

(§alfa2 cee gan t = g;n cee 522521‘

In the following, we focus for clarity on a Grassmann algebra possessing two generators.
As a consequence of £2 = 0, we find that any analytic function f on this algebra is a linear

function, and that a function A of two Grassmann variables £ and £* has the following form:

f(&) = fo+ fi§
A7) = ap + e + @& + a1267€.

Note that a; and a; are not necessarily complex conjugates of each other.
A derivative on these functions may be defined, as it is for ordinary complex functions,
only in this case, the variable ¢ has to be anticommuted through, until adjacent to the

0
relevant —, e.g.:

23
a * a * . *
0—5(5 §) = —8—5(55 ) ==&
Note that with this definition, the operators 8_5 and 8_5* anticommute.

For integration, there is no analog to the familiar Riemann integral construction for
ordinary variables. Instead, integration over Grassmann variables is defined as a linear
mapping which respects the fundamental property that the integral of an exact differential
form is zero. With this, considering that 1 is the derivative of &, while £ is not a derivative,

we find the following rules, which define integration:

/d§§:1
/da:o.

Note that in these expressions, d§ does not represent an infinitesimal Grassmann number,
but is only a notational convenience, and that an expression such as [ d*¢ does not make
sense. A convenient way to remember these definitions is to remark that integration and

differentiation are identical on the Grassmann algebra.



Finally, we may equip the space of functions over the Grassmann algebra with a scalar

product, e.g. for f = fo+ f1£ and g(&) = go + ¢:1&:
(o) = [ dedge < £€) 9(6)
— [ g 1€ )5 + 5160 + 906
— [ dee stim+ [ ac e sia
= fo90 + f1g1.

It can be shown that with this definition of the product, functions of Grassmann variables

form a Hilbert space.

C. Coherent states for fermionic systems

In this section, we will give an explicit expression for the fermion coherent states. As
illustrated above, any relevant expansion — of the kind Eq. — must involve Grassmann
numbers as coefficients. Therefore, any attempt at an expression for the fermion coherent
states requires that the Fock space be enlarged. To this end, a Grassmann algebra G is
defined, by associating a generator &, (£*) to each annihilation (creation) operator a, (af,).
The generalized Fock space is then constructed as the set of linear combinations of elements

of the Fock space F, with coefficients in the Grassmann algebra G:
) = Xal¢a) .

where x, € G, and |¢,) € F. Finally, we require the following relations between elements

of G and the creation/annihilation operators:
64, =0
+
N s
(éa) =a'é,
where £ is any Grassmann variable in {£a, &5}, and @ any operator in {aa, aL}.

We are now in a position to introduce the fermion coherent state (this definition closely

follows that used in the bosonic case):

€) = e Zatoal o) = TT (1 — &aal) [0)

[0}



where we have used the fact that £,af, and 5,3@}3 commute. For any state a, we have

(1 — €aal) [0) = & 10) = & (1 — &al) 0)
= aa16) = [T (1~ &ah ) au(1 = €aal) 0)

Bt

=TT (1 - el )1 = &ual) 10)

Ba

=& JT (1 &ab) 10) = &l
B
The action of al on a coherent state is as follows:

al &) = af, (1 = &al) TT (1 - &ah) I0)

B
= ai, [T (1= &a}) 10
B#a
0
= e (1~ &a )Bll(l—éﬁa;m 1o

Similarly, the adjoint of the coherent state is

(€] = (0] e7 e = (0] e2oe fie,

with (¢] al, = (£] &, and one can verify that

0

<§|ao¢ = 8_52

(€l

D. Algebraic properties of the fermion coherent state basis

The overlap between coherent states is given by:

(€l¢') = 01H1+§aaH<1—§6a6)\>
-0/ Ta +s;aa>(1 &al) 10)
a,B
=JTa+¢4)

= eXatith

which shows that coherent states are not orthogonal.



Whenever dealing with (over)complete basis of the Fock space, the closure relation is an
essential ingredient. We will now establish its form for coherent states. Let us define the

operator

A= [ Tldgdeae =55 eel.

Using the eigenvalue property of the coherent states, we have

<a1'~~an|€> = <0|aa1 "'aocn|£>
= <0|§a1 i fan‘@
- <0|€a1 s -San H (1 - gaal) |0>

[0}
= 50&1 "'San’

and the similar adjoint equation. Thus, for any vectors | ...ay) and |B; ... [3,) of the

basis of the Fock space,

(o ...an|AlBy ... Bw) :/Hdg;dgaeiaﬁéfa (o ... an|€) (€1B1 ... Bm)
° (5)
— [Tl [T~ €6l i85,

We can now consider the kinds of integrals which may appear, for a specific state ~:

( f»yf; )

1

0

[acis-ge)d & h=1"1 ©)
&, 0
1

v

1

\ J \ J

which shows that the only ~-terms that contribute are those where the ~ state is either
occupied or unoccupied in both |a; ... a,) and |5 ... ) simultaneously. This means that
m = n, and that {o;...a,} is some permutation P of {#;...5,}. As a consequence,
Son -+ anlly - &5 = (—1)7¢, .. ol - &, . Observing that an even number of pair
exchanges is required to bring the product in Eq. to the form in Eq. @, we find that each
transformation contributes a factor of 1, and the final value of the expression is (—1)P. It is
a known result of second quantization that this is exactly the value of the overlap between
the two considered many-particle states: (—1)P = (a1...,|01...0,). This proves the key
equality:

<OélOén|A’615n> = <Oé1...Oén|Bl...Bn>,

8



for any two vectors |ag ...a,) and |f; ... 5,,) of the basis of the Fock space. This is noth-
ing other than a proof of the following closure relation for fermions in the coherent state

representation:

Tt deae a5 jeye =1 (7)

This completeness relation in turn provides us with a very useful expression for the
trace of operators: Considering that matrix elements between vectors of the Fock space and
coherent states involve Grassmann numbers, we know that (v;[€) ({|¢;) = (—&[¥;) (¥il€).
Using this, and considering a complete set {|n)} of states in the Fock space, we may express

the trace of an operator A as follows:
Tr{A} =) (n|Aln)
- / [T déx déae =553 (nle) (€lAln)
_ /Hdg; déo €™ Za Sl (—¢| A " |n) (n€)
_ /Hdg; dé, e Tatite (—g|Alg) .

The completeness relation Eq. also provides us with an elegant Grassmann coherent

state representation of any ket |¢): defining ¢ (£*) = (£]¢), we get
o) = [ T deideae Sesitonie ). 9

Just as it is useful to know how the operators & and p act in coordinate representation,
it is useful to have a clear idea of how the creation and annihilation operators act in the
coherent state representation. We can apply relations and to the above expression,
in order to obtain directly:

O
(Slaalt) = (€
: (10)
(Elaklv) = ().

0
In other words, the operators a,, and al, are represented by 8_5* and & respectively.
(e
Finally, let us note that the expression for the matrix element of a normal-ordered opera-
tor A (i.e., an operator written in such a way that all creation operators are to the left of the

annihilation operators), takes a particularly simple form: using again relations and ,

9



together with the expression for the overlap between coherent states , we immediately

find
(€l A(al, aq)|€') = e=etata A(Er, EL). (11)

For example, the expectation value of the number of particles in a state |£) is

S\ (&N
(%)= "

al ag,
_ 5 (elabanle

— (&)
=> &b

which is not a fixed number, but more surprisingly, is not a real number either.

We conclude this section with a short comment on the concept of fermionic coherent
states. Coherent states for bosons are usually identified as those which correspond to the
classical limit of quantum mechanics (e.g. in the harmonic oscillator system). Fermion co-
herent states do not lend themselves to this interpretation: they are not part of the fermion
Fock space, are not physically observable, and do not correspond to any form of classical
field. Nevertheless, as sometimes occurs in other branches of physics, they are a useful and
efficient formal tool, in this case for unifying many-fermion and many-boson problems. One
notable consequence of this difference in nature between bosonic and fermionic coherent
states appears when one applies the stationary phase approximation. This approximation
applied to a bosonic expression yields an expansion around a physical classical field config-
uration. There is no such thing for fermions, and this means that in order to make such an

approximation useful, one has to integrate out explicitly the fermionic degrees of freedom.

ITI. FUNCTIONAL INTEGRAL FORMALISM

The functional integral representation of many-particle systems dates back to the seminal
work of Diract, extensively developed by Feynman!®'Z, Its appeal lies partially in the fact
that the partition function can be expressed as an integral over field configurations. This in
turn lends itself readily to useful physical approximations, and a very intuitive description of
the system. We will now consider the extension of this approach to a general many-particle

system described using the second quantization formalism, and use the coherent states in

10



place of the momentum and position eigenstates, which lead to the standard derivation of
the Feynman path integral expressions. The derivations follow the textbook by Negele and
Orland*.

A. Time evolution operator

An intuitive way to introduce this functional integral representation is to calculate the
matrix element of the evolution operator between one initial coherent state |¢;) at time ¢;,
with components ¢,; — in terms of the expansion described in Eq. —, and a final state
(¢r| at time ¢ 7, with components ¢7, - Formally, for a time-independent Hamiltonian H, we
have:

U(Gh o153 Bais i) = (Brle 7 C]g,) (12)

We may, with no loss of generality, assume the Hamiltonian to be normal-ordered. In

that case, it can be seen that

exp (—z’%H(aT, a)) =:exp (—i%H(aT, a)) : +O(€2),

where : A : denotes the normal-ordered form of operator A.
t—t

We may split the time interval into M intervals of length € = , of the form [ty, tgi1].

To this end, we introduce t = t; + ke, for k € [0,..., M]|. With these definitions, ¢, =
and t); = ty. The closure relation Eq.([7]), can then be used at each internal time step ¢,
kell,...,M—1]

[ T d6tsdoneZoiutns o] =1,

For notational convenience, we define ¢n 0 = ¢, and ¢n f = @o p. With these, we obtain:

U(Dr prts: bainti) = <¢f|€_%H(tf_ti) | b3

M-1
k=M—1 .
= lim / H H d(bz,k dpar e Dot 2a Pk Pak
k=1

M—o0 -
] €
. € + ' )
X g (Dl: eXP< zhH(a ,a)> : +(’)(e )|¢k_1> )
T k=M—1
- ]\}l—r>noo/ H Hdd)z,k d¢a,kz e 2k=1  2a Pk Pak

M .
X exp [Z (Z Qﬁz,k(ﬁa,kfl - %H<¢Z,k7 (ba,kl))] )
k

=1 a

11



where the crucial expression Eq. was used to obtain the last line.

By analogy with the Feynman path integral formalism, which defines trajectories in real
space, it is convenient to introduce the concept of a trajectory ¢, (t) in the space of coherent
states, as the limit, as M — oo, of the set {¢n0,. .., Pan}. This naturally induces us to

switch to a continuous notation, in which the following definitions are used:

(ba,k = ¢a( )
Gok — ¢a,k—1 _

€

H(¢z,k7 ¢o¢,k71) = ((ba(t)? ¢a(t))
With this notation, the exponent of the integrand in the last line of Eq. becomes

1€

> G borim = 3 H (G ars G i)

=gyl . [ Pak — Do, k-1 1 .
+Z€Z Zz¢a,k - . _ﬁH<¢a,k7 (ba,kfl)

k=1

Z¢ (t)alty) + - /dt [Z ihe(t) 5-0a(t) — H(¢g(1), %(ﬂ)]

tf

= S dulinoaltn + '/dtw (1), 6a(t),

’L

0
where L stands for the Lagrangian operator: L = zha — H.

As a conclusion, we have obtained the functional integral representation of the matrix

element of the evolution operator in the coherent state representation:

& (tr)=0%, ¢
S (tr)dalty)

u(gbz,f? tf; ¢a,ia tz’) - / ID[QSZ(t)v ¢a(t>]e “
P (ti)=¢a, i (15)
ty

X exp %/dt

ti

[qubz(t)%%(t) — H(¢5(t), da(t))| ¢

where
b5 (ty)=dy ¢

/ D¢, (t), ¢a(t)] = lim / HHd%, dpa, 1

¢a(ti)5¢(x,i k=1«

12



A few remarks are in order at this point with regards to this final expression Eq. .
First, in the discrete expression, ¢, and ¢, ,, are present, as the states for which the
matrix element of the evolution operator is calculated, but neither ¢7, ; nor ¢, n appear.
Moreover, all variables of the type ¢7, , and ¢q for k € {1,..., M — 1} are integrated over.
When considering the trajectory notation, note that ¢ (t) is associated to @7, ,, while ¢q(t)
is associated to ¢, ;. Therefore, carried over to the trajectory notation, the previous
observation means that ¢} (ty) and ¢,(t;) are specified by the matrix element we wish to
calculate, i.e., the boundary conditions of the trajectory, while ¢},(¢;) and ¢,(ts) are internal
variables over which integration is carried out.

Second, if one considers the corresponding derivation applied for a single particle in the
coordinate basis, one obtains the Feynman path integral:

(zs.tr) ty

UGap tysait) = [ Dlstollpit]exp ] 5 [ [p@)%x(t) ~ H(p(t), 2(1)] .

(zi,t:) ti
which, in spite of a strong formal similarity with Eq ., contains a very important differ-
ence: in the Feynman path integral expression, the factor 7 appears as a constant factor in
front of the entire exponent. As a result, the stationary phase approximation corresponds
to the classical limit. In the present formalism of Eq. , a factor h appears inside the
expression for the Lagrangian itself, in addition to the same global — factor, so that the

h

same stationary phase approximation leads to a result which differs from the classical limit.

B. Partition function for a many-body fermion system

The partition function for a many-particle system is given by+®
7 =Tre ?UN) /dx <9:|e_6(H_“N)!:E>

L 16
:/ [T dot, dg e Ze a0 (=gl (B) gy "

where the last line of Eq. was used, with A replaced by the Hamiltonian in the grand
canonical ensemble.

This relation may be seen as the sum of the diagonal matrix elements of the time evolution
operator, after a Wick rotation to imaginary time has been applied. Under this transforma-

tion, the integration domain becomes the imaginary time interval 7; — 7; = Sh. With this

13



picture in mind, it is clear that all the steps in the derivation of Eq. may be repeated,
using imaginary time variables, by replacing ¢ with the variable —¢7, with 7 imaginary time.

If this is done, then Eq. 1' becomes (replace dt by —idr, and ; by ig- )

7= / D7), da(r))

$a(B)=—0a(0)
8 (17)
o { - [ ar [Z¢ (55 = #)ou(r) + HEGL). )| 1,
0
where the boundary term eg % ltr)9atr) (a number) has been dropped for simplicity, with no

loss of generality, and units where 7 = 1 have been used (and will be used throughout the
rest of this section). This expression allows us to introduce the action in this representation

as

S[9a(7), dal(r)] =

Tt~

dflzqﬁ (55 = #)ou(r) + @), 6n()

ﬁ
/dTL 6a (7)),

where L(¢%(T), ¢o(7)) is the imaginary time Lagrangian for the problem at hand.

(18)

Note that in expression , the integration is done over trajectories satisfying antiperi-
odic boundary conditions for the Grassmann variables. The problem has thus been formally
reduced to a quadrature, and the last remaining step in order to apply this result consists

in developing techniques which allow the evaluation of the expression ([17]).

IV. LAGRANGIAN EXPRESSION FOR SELECTED MODELS

A. Non-interacting system

As a preparation for the study of the Anderson and Hubbard models, it is useful to evalu-
ate the action for a system of non-interacting particles described by a one-body Hamiltonian.
In this section we follow the presentation by Negele and Orland!2.

For convenience, we choose a basis in which Hj is diagonal. The partition function for a

many-particle system is given by Eq. (16). Thus the discrete expression for the functional

14



integral form of the partition function reads

Hy = Z eaagaa,

«

M
n - 055 ba
Zo= lim kH/ Ag) plddape " (19)
= lim det S,
M —o00
where
1 0 O -0 a
—a 1 0 00 Dol
gl _ 0 —a 1 0 0 g Da2
0 0 —a 0 0 : (20)
0 O 10 Ga,M,
0 O —a 1
azl_%(%—ﬂ)a

with the convention that the time index increases with increasing row and column index.

The determinant of S® may be evaluated by expanding by minors along the first row:

lim det S = lim [1—1— (—1)M_1a(—a)M_1} = lim [1+ "]
M—ro0

M—o00 M—o0
. B(Ga - M) M
=1 1 ] - —= 21
=1 + e—ﬁ(fa_ﬂ).

Substitution into Eq. yields the familiar expression for the partition function of a system

of non-interacting particles:

ZO — H (]_ + e—ﬂ(ea_ll‘)).

[0}

Equipped with these results, we may turn to the evaluation of the single-particle Green’s

function for non-interacting particles, Gy. Let 7, correspond to the time q%, and 7, cor-

respond to the time r%, for integers ¢ and r. We recall the general result about gauss

integrals:

1 _1 A-1g.
% )% /d:vl . dxne_%“A“wﬁmi‘]i = [det A] ée%‘]’AiJ’lJJ, (22)
T
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where A is a real symmetric definite positive matrix, and summation over repeated indices

is assumed. A similar identity holds for a Gaussian integral over complex variables, in the
form:

/H diC dxl e~ YHyjxj+Jr e+ Jixl _

1
2m [det H] et J (23)
where H is a Hermitian matrix

Thus, we obtain

Golar,|ym) = — <T aa (7,

]VI
@55 <5)¢5k .
Z Z\}gnOO/HHdQS(Skdqbéke PR=t Pag®s

M
> 8 J(a)¢k
fHd¢kd¢ke G k=1 k ¢ *

q7r
_505"/

M
P S o
[Tl dgdere ++=17"7" (24)
k

M
S T dgjds LGS e T e )
9? APk
= -9,

T 07507, - 5 ersa o
J 11 dgidere = o

k

M —

I
— _5047 e],k:l
9.0,
J=J*=0

_ _504'7865?)_17

where repeated use was made of Eq. .

The matrix S is defined in Eq. . It is straightforward to check that its inverse is given
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by the following expression:

1 _aMfl aM72 —a
a 1 aM-1 —a?
a? a 1 —a3
_ 1
S = : KRR 25
14 aM ' ' (25)
M3 M2
GM-2 M3 L _gM
GM-1 g M-2  M-3 1
For ¢ > r, we have
Coe@ T o T
i S = i
_ 1 B o 1
= (1 Tl m) 1 E = .
(1-fle-m) +1) @

1
— o (Ca=m)(re=7r) [ 1 _ -
— ¢ ' (1 eBlea—p) 1 1)

— 6—(€a_ﬂ)(7q_7'7“)<1 _ na)

Y

where n,, it the Fermi-Dirac distribution:

1
Mo = T 5 s L
The result for ¢ < r is obtained similarly:
M+q—r
. (o)1 T _CL

J\}gnoo Sqr ]\/}Tgnoo 1+ aM
i B " —1 27
—&inm(l—wa—”) (21)

_ e eam =)y

With these results, the case in which creation and annihilation operators act at equal times
need to be considered. Using the fact that the time-ordered product is defined to be equal

to a normal ordered product at equal time, we find that the time-ordered product may be
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written T} [ag(7)al(T)] = —al(T)as(r) = ag(7)al,(T) — dap, in which case the evolution

operator gives rise to the term

|1 X brr1] € aa |GXdnl abe ™ |dr_1 X b1 ...
= [guon) e B o) g e 000 (4]

where ¢, and ¢g are evaluated at equal times. Thus, following the derivation of Eq. ,
(Trao(T)al(T)) = St — 1= —na.
Combining the obtained results, the single-particle Green’s function can be written as
Go(at|a't) = — <T7aa(7')al, (T')>
(28)
= —Spere TN — ' — )1 = ng) — 0(T — 7'+ 1)na},

where 7 is a positive infinitesimal which allows the correct treatment of the case 7 = 7'.

With this expression, it is easily verified that

= [Baan (0ry — 1) + {01|Holaz)]Go(0a72|as7s) = Gayasd(72 — 75).

Thus, for a non-interacting system, we get

Gy H(armi|asms) = —[daya, (0r — 1) + (1| Holan)|o (i — 7).
Identifying the relevant terms of the expression above with those of Eq. , and using the
fact that the diagonal basis of the non-interacting Hamiltonian has been used, we find that
the action for the non-interaction system may be written as

S[0a(T), da(T)] dr L(¢5,(7), ¢a(T))

Il
o\m

5 (29)

_/ﬁdT /dT’ [za: 95 (1)Gy o 7 — T)dalT) ],

where L(¢!(T), ¢o(7)) is the imaginary time Lagrangian for the model.
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B. Single impurity Anderson model

The Hamiltonian of the single impurity Anderson model can be written as:

H = HM + HU + Hbath + Hmixa

H,=—p) o,

Hy = Ui, (30)
Hmix = Z Vkac:ryaka + H-C'7

ko
Hyath = Z EkaTkUak:m

ko

where the operators n, and cfj) act on the impurity site, whose Hilbert space is spanned by

the four states |0),|1),[J),[T)). We introduce the local part of the Hamiltonian

Hloc = H,u"—HUu

which describes the on site interaction, and the influence of the chemical potential, on the
impurity site. The impurity is coupled to a bath described by Hyatn, via the terms present
in Hpyx.

As presented in Sec. [[IT A we may represent the system with the help of a path integral
which involves the action along all the possible paths. In the case of the Hamiltonian of

Eq. , the expression derived in Eq. takes the form

S = dr Z (¢287'¢a =+ H(¢Za (ba))

\m

07

«

0
B
— [[r Y 1680 — 000+ Hi (65 00) + Hoie (65 60) + Hiaun (656
0

In this expression, the bath operators, even though they are coupled to the impurity site
operators, appear only in quadratic terms, and may thus be integrated out, leaving us
with the impurity site operators, on which we wish to focus. The terms coming from
Hyix (0%, ¢) and Hpaen (0%, ¢) can be handled if we use the expression for a Gaussian integral
over Grassmann variables, given in Eq. , with A;; = 6;;(0; —¢;), and J = V¢, and

(P61, Pot> @55 Poy) the four Grassmann generators associated with the impurity site. The
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term det A coming from the expression for the Gaussian integral reduces to an additive
term Span in the action, which we can drop in the partition function expression, since it is

tantamount to a shift in the free energy. With this, we obtain:

S = Seff + Sbatha
7= [ T1Ds,Donse 5,

B
Seff = /dT (Z (%560 (a’r - ,u) + Z VE* [(67' - El)il}lmvm
0 o Im

boo + Hu (dor; P05 Doty ¢o¢)>

B
= /dT (Z Do [ (Or — 1) + Z Vi[(0- - El)il}llv}

¢OO’ + HU(Q%T? ¢(>§¢7 ¢0T7 ¢0¢)) )

where the diagonal nature of the bath Hamiltonian was used to obtain the last line.
The non interacting part of this action has the form obtained in Eq. (29), with the

following form of the inverse bare propagator:

+o00
A
Go ! (i) MM = i, + p — / _C
Wy, — W

“oo (31)
where A(w) = Z Vi2S(w — ).

Considering that any problem may be studied in its Lagrangian or Hamiltonian represen-
tation, the above expression is helpful, insofar as it establishes the correspondence between
the parameters of the Hamiltonian representation of the single impurity Anderson model
(the sets of ¢, and V}), and the parameters of its Lagrangian representation (the form of the

bare propagator G, ' (iw,) determining Seg).

C. Hubbard model

The Hamiltonian of the Hubbard model reads
H=Hy+AH+ H",

Hy = UﬁoTﬁo¢ — U Z CEr)UCom
g

AH = — Z tiO <Cg)ocia + CIUCOU>’ (32)
(i),0

HO — _ Z tij (czgcjg + H. C.) +U Z MM, — [ Z clyCio,
(i0,j70).0 i#0 i
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FIG. 1: In this schematic representation, the original lattice point of view is shown on the left. One

site (in red) is singled out, then removed, creating a cavity in the lattice. The single site is then
considered as an impurity, while the remainder of the sites are viewed as a bath, whose electrons

hop into, or out from, the impurity.

where the hopping terms entering AH are those connecting the site 0 with its nearest
neighbors, and we assume a grand-canonical ensemble with the chemical potential p. This
splitting of the Hamiltonian corresponds to the situation depicted in Fig. [I} in which one
site, with index 0, is singled out. We consider the terms of the Hamiltonian which contain
only operators acting on the site 0 (Hp), those which contain only operators acting on sites
different from the site 0 (H®), the cavity Hamiltonian), and those which connect the site 0
with other sites (AH).

As discussed in Sec. and above, we may represent the system with the help of a path
integral. Using the Hamiltonian of Eq. , and the splitting it introduces, the expression
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derived in Eq. takes the form

B
S=5Sy+AS+5 = /dTZ (060r¢a + H(dg, ¢a)),
0

/dT

B
AS = - / dr [Z tio Wi b0r + ¢Sg¢m)] , (33)
/712

Z Go5(Or — 1) bos + Hu(dor, Go,» ot ¢o¢)]

0/ i [ S™ 65, (0 — 1)

i#0, 0
- Z tzg (¢:a¢j0' + ¢;O—¢ia) + Z HU(ijm ¢:i|/a ¢ZT7 QSZi)] 5
i#0, j#0,0 i#0
From this expression, we wish to build an effective action, by explicitly integrating all degrees
of freedom other than those of the site 0:

U salor.or domsoy] _ 1 . —5[¢%, bio]
Z—eﬁe [ oT>rod ] = E H D¢i0D¢i06 : (34)

i#0,0
In order to achieve this, we use an approach inspired by the seminal work of Metzner?. In
that work, Metzner considers the Hubbard Hamiltonian starting from the atomic limit, and
treats the kinetic energy terms as the perturbation. We use a similar functional expansion,
applied to the part of the exponent that mixes the site 0 with the other sites, which proceeds
as follows:

/ H D@UD@U@*S[Q&;J@H

1#0,0

B
0
= / [¢zg7 ¢zo i#0 €xXp /dT [Z gb;'ka (a_> ¢ia + H(O) [Qb:ga gbia]]
T
$ic(B)=—ic (0) #0.0 (35)
B
X eXp § — / dr [Z tzO ¢Zo’¢00’ + ¢00’¢’LO’ ]

0

x exp { —So [0%r, Biy. dor, doy] }
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in which the part of the integral to be explicitly integrated reads

I= / D[(b;‘km ¢i0]¢7§0 €Xp § — / dr [Z (bw( >¢w + HC [¢wa (bw]]

$io (B)=—dis(0) i#00 (36)

B

X exp { — / dr [Z tio( &}, bo0 + ¢Sa¢w)]
0 o

In this expression, we recognize the very definition of the thermal average of the quantity

in the last line'?, for the system described by the cavity Hamiltonian H(®):

B
- dTEti (Z)Z:G(ZS c+¢*a¢io
I = <€ g io O( 0 0 )> (37)

(0)
At this point, the aforementioned functional expansion may be carried out, applied to the

exponential in the bracket?. We introduce 7;, = t;0¢¢, and obtain

=31 (38)
n=1

with the n'® order term of this expansion given by

In = (_ Z / (H dTl) 771101 . -77;(7”77]'101 <o Njnon <¢1101 . ¢znan¢j10’1 s ¢jnan>(o)
0

Z1 7In7
J1--Jn,

01...0n

(39)
We have used the fact that an integral over Grassmann variables is non zero only if each
of the variables, over which the integration is carried out, is present in the integrand. By

definition, the ensemble average (¢}, ... 0% o Giior - Pjnon) ) is the n-particle Green’s

function of the cavity system:

O . . . . / . / . / _
gl )(317101, JaTo02, « .oy JnTnOn|i1T 01, 12T900, . .y inT)0pn) =

(301 (T1) - B0, (T) B (T1) - B (T) o)

evaluated for 7/ = 7;, 0; = o). At this point, we can introduce the decomposition of the

(40)

Green’s function in terms of cumulants (connected Green’s functions) Ci?. Each term of
the sums involved in such a decomposition corresponds to a partition of (1,...,n,1",...,n’)

in subsets containing equal numbers of primed and unprimed variables*?, e.g.:

Gy = o), "
GY(1,2)1,2') = C7(1,21,2') + ¢ (11 (22) — ¢ (112) e (2)1).
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In these expressions, the sign attached to each product is determined by the parity of the
permutation of the primed variables with respect to the unprimed variables.

At this point, the limit of infinite dimension leads to a crucial simplification: it can be
shown! that in this limit, the hopping needs to be properly scaled, lest the kinetic energy
diverges. More precisely, the hopping parameter needs to be adjusted as ¢;; oc (1 / \/E)
where |i — j| is the Manhattan distance between ¢ and j for the cubic lattice). The
insight of Georges and coworkers is that this scaling, applied to the connected Green’s

U for n = 1,

functions appearing 1n Eq . con31derab1y simplifies the expression
10)(1|1) (1/\/_> , Mie X (1/\/_> , while the number of terms in the sum has a
(d'i_j ‘)2 dependence (there are ~ d* sites at a given Manhattan distance s from a fixed
site for large d). This means that the n = 1 term from Eq. is of order 1. A detailed
study of the combined scaling of the terms for n > 1 shows that they decay as 1/d or faster.
Therefore, Eq. simplifies to
B

B B
I= Z/dr NigNjo (PigPjo) (o) = Z//dT dr’ tiotjody, ZN(T’)(S(T —mNos.  (42)

jo 0 o 0

Noting that for i, j # 0,

/ D gb()o" ¢00]77w7730 <¢zo’¢]0 / D ¢Oo’7 ¢OU] eXP{Uwﬁga <¢za’¢j0’> } (43>
d’Oo(ﬁ) ¢OU( )
=—¢00(0) =—¢0s(0)
we obtain from Eq. and Eq.
B
S = / / dr 7' tigt 00t GO (7)0(r — 7')éns + So[@hs, &3, bt 60t
7/]0' 0 0
B
= Z/dT { /dT o0 | O ,u+2t,0t]0GUU( "o (7—7')] gbOU)
(44)

+ HU(¢ST? ¢8¢7 ¢0T7 ¢0¢>}

=X / ar {( / A >IDHM6<T—T'>]¢OU) +HU<¢3T,¢3¢,¢OT,¢0¢>}-

The non interacting part of this action has the form obtained in Eq. , where the follow-

ing form for the inverse bare propagator (IDHM stands for “infinite dimensional Hubbard
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model”) is used:

G (i)™ =i, + =Y tiotjoGrh (itn). (45)
7

(©

This expression is helpful, but involves szva(iwn), which is still not known. For a general

lattice, it is possible to use an expansion of the Green’s function for the full Hamiltonian
in powers of the hopping matrix elements*. This allows to establish a relation that first
appeared (without formal justification) in a work by Hubbard!?:

Glioo (iwn) Gojo (1w,

G (iwn) = Gijo(iwn) — Glooo (iwn) |

ij,0

(46)

where G, (iw,,) denotes the Green’s function for the Hubbard model including the complete
lattice.
We may introduce the quantity

+0o0

ﬁ@ﬁz/deD@gig (47)

as well as the self-energy Y (iw,), assumed to be k-independent (an assumption which has

to be proven valid on its own by power counting in 1/d"), and show that Eq. leads to

L iw, )P — (0w = ! .
Go (in) Hlion) + D(iw, + 1 — S(iwy)) (48)

We may now employ Dyson’s equation® applied to the lattice and apply the DMFT
approximation, which consists in the identification of the self-energy of the lattice with that

of the impurity:

Y (iwp) s Yiattice (1wn) = Gy 1(iwn)IDHM = G’HDHM(iwn)

DMFT (49)
approximation
to obtain
+oo D( )
IDHM /- (o . €
GO iy ) — (i + pt — X)) / T .

1
N kEZBZ W, + 1 — e — 2(iwy,)

This crucial result expresses the fact that one can identify the impurity Green’s function

with the momentum-averaged lattice Green’s function. The latter quantity depends only
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on the known lattice dispersion, and on the (momentum-independent) self-energy of the
impurity. This is the self-consistency condition, which can be used to solve the problem
iteratively.

This result holds for a lattice in the limit of infinite coordination, a crucial ingredient used
in three occasions during the derivation. First, it lead to the simplification of the expression
for the action, which is limited to the n = 1 contribution in Eq.. Second, it was used
to relate the Green’s function for the cavity Hamiltonian and that for the full Hamiltonian
in Eq. . Third, it is a necessary ingredient in order to prove that the self-energy is
k-independent.

A comparison of the d — oo limit versus d = 1 and d = 3 was done by Metzner and

VollhardtY. They compared the second order contribution to the correlation energy in the

Hubbard model, defined as

2 =

L_U2 /dkdk'dqnzTn%w(l B n%Jqu) (1 - n%’fqi) (51)
(2%)3d €k + € — €ktq — €k'+q 7

where the integrations extend over the Brillouin zone, nj__, for |k| < kg, and 0 elsewhere,
and L is the number of lattice sites. The result is shown in Fig.[2| and shows that the d = oo
limit is a reasonable approximation to the d = 3 situation in this case. While in no way
conclusive of the general validity or quality of the d — oo limit, it shows that it may be an

approach worth exploring, at least in the situation where d = 3.

V. SELF-CONSISTENCY LOOP

At this point we are in a position to devise a self-consistent scheme for solving the many-
body problem represented by the Hubbard model in the limit of infinite dimensions. At step
p, we assume that a trial self-energy ¥, (iw,) is known for the isolated site (the process can
be initialized for the initial step p = 0 with ¥,(iw,) = 0, for lack of a better candidate).
Given this trial function, we use Eq. , and obtain the lattice Green’s function at iteration
p (note the change of notation, from G to G, following the DMFT convention which
highlights the back and forth movement between the “lattice” and the “impurity” points of

view, illustrated in Fig. |3]):<

Gratp(iwn) = Y ! (52)

=, iwy, + p— e — Sp(iwy)’
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FIG. 2: Second-order contribution to the correlation energy es = Eo/[LU?/|éy(5, 3)|] versus den-
sity, for lattice dimensions d = 1,3, and co. €(n4,n}) is the kinetic energy of the non interacting

particles for arbitrary densities ny, n). Reprinted figure with permission from Ref™,

Given Giap(iwy,) and X, (iw, ), we obtain the effective non-interacting Green’s function of
the Anderson model, G, ;(iwn), using Eq. . In order to close the self-consistent loop, the
most numerically challenging step remains to be executed: solve the Anderson model, i.e.,
calculate its Green’s function, knowing G, ; (iwy,). This is an active reasearch area in itself,
and various numerical schemes have been developed in recent years. As an example, the
so-called hybridization expansion algorithm®” allows one to determine the Green’s function

for the Anderson model in Matsubara frequencies, i.e. solves the following model

8 B
Z/dT — /dT’ ¢80 [go_l(T’)(;(T — T’)} QbOcr + HU(¢8T’¢S¢7¢OT7¢O¢)- (53)
70

0

Equipped with this tool, we obtain the impurity Green’s function G,(iw,) and can use

Dyson’s equation to obtain a new estimate for the self-energy of the impurity:
Ep1(iwn) = g()_; (1wn) — Gp(iwy). (54)
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FIG. 3: The DMFT self-consistency loop. On the right-hand side, the system is considered from
the point of view of an impurity in a bath of conduction electrons whose characteristics are known.

On the left-hand side, the problem is viewed as a lattice whose self-energy is known.

This process is illustrated in Fig. |3, It can be iterated until it reaches convergence, i.e.
until || X, — X,41|| < €, where ||...|| denotes a suitably chosen norm over functions, and
€ is a suitably chosen convergence criterion. Experience has shown that this convergence
is remarkably robust. Far away from phase transitions, convergence is quick and can be

achieved in a few tens of iterations.
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