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Chapter 1

Introduction

Present requirements on the information volume, speed of transfer and performance can
only be satisfied at carrier frequencies in the optical range. Integrated and fiber pho-
tonics is focused on the realization of compact, high capacity communication systems for
generation, treatment, transfer and detection of information at optical frequencies. This
requires the solution of numerous physical and technological problems. The integration of
optoelectronic elements has become a necessity. Without the optical element integration,
the power requirements in present computer networks would increase to an unacceptable
level .t

The optical signal propagation in optical circuits and devices is achieved by wave-
guiding. The use of laser in optical communications was enabled by the realization of low
loss optical fiber waveguides. These connect any distant points on the globe at the light
velocity. The present monomode optical fiber waveguides employing the carrier wave-
lengths of 810 nm, 1,3 pum, or 1,55 um transfer data at the speed of 10 terabits per second
(10 x 10 bit/s). This corresponds to 150 milion telephone calls. Several optical elements
were realized in optical fiber waveguides, among them, diffraction gratings, nonlinear el-
ements, amplifiers, oscillators (in the fibers doped by rare earth 4f metals, e.g., Er, YD),
etc.

Based on the optical waveguides, important specific important applications employed
in physics, chemistry, biology, medicine and technology were developed, i.e., optical thin
film and fiber sensors of physical and chemical quantities including mechanical stress and
strain, highly sensitive submarine microphones, sensors of electric currents and magnetic
fields including magnetometers for femto Tesla (107'° Tesla) range, humidity sensors,
chemical pollution sensors, position sensors, i.e., optical fiber gyroscopes (based on the

Sagnac effect), etc. The optical fiber waveguides are employed in probing combustion

'P. K. Tien, Integrated optics and new wave phenomena in optical waveguides, Rev. Mod. Phys.
49, 361-455 (1977), T. Tamir, ed. Integrated Optics, Springer Verlag, Berlin 1975, R. G. Hunsperger,
Integrated Optics: Theory and Technology, Springer Verlag, Berlin 1982.
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chambers, monitoring clinical picture of human organs, mapping furnace temperature,
strain in concrete bridge beams, etc.

Unlike metallic conductors, e.g., coaxial cables, dielectric optical waveguides are resis-
tant against electromagnetic noise and wiretapping. The absence of short circuit sparks
makes them suitable for the use in fire danger areas, e.g., in airplanes for inner commu-
nication systems. Expensive copper in classical communication systems is replaced by
widely available silicon oxide, Si05 . However, this must be of extremely high purity. The
concentration of transition metal atoms must be reduced to 1072 . Another advantages of
integrated optical circuits against classical systems consists in miniaturization, improved
mechanical and temperature stability, improved reliability and lower cost. Compared to
free space microwave and optical communications, the fiber optic cables are vulnerable to
earth quakes.

From the physical point of view, the integrated and fiber optoelectronics deals with
problems of electromagnetic waves localized in the structures with one or two dimensions
of the order of radiation wavelength. The propagation in dielectric waveguides exploits
the interference effects and total internal reflection. The analysis starts from Maxwell
theory of electromagnetic waves which leads to the solution of vector wave and diffuse
equations.

The confinement of electromagnetic waves in waveguides shows formal correspondence
with confinement of quantum particles in potential wells. Then, a free particle charac-
terized by continuous energy spectrum corresponds to a (non localized) radiation mode.
A particle in a potential well with a discrete energy spectrum corresponds to bound
waveguide modes with a discrete spectrum of propagation constant. The formalism of
Hermitian matrices displays a certain analogy with the formalism employed in the descrip-
tion of guided modes in dielectric waveguides built on lossless media. A one dimensional
(non)symmetrical potential well with a step profile corresponds to a (non)symmetrical
planar dielectric waveguide with a step profile of the real index of refraction.?

A two dimensional potential well corresponds to a two dimensional dielectric wave-
guide. The problem of waveguides with a parabolic profile of the index of refraction
squared (dielectric permittivity) can be solved using known solutions for potential wells

with parabolic profiles, i.e., for those pertinent to a harmonic oscillator,?
2 2 2,2
n :nf(l—:r /%),

restricted to a practical range of the real index of refraction, n, i.e., n > 1 The analogy

2 An infinitely deep potential well corresponds to waveguide with infinitely conducting walls made of an
ideal metal. Then the wave function is zero beyond the wall and the penetration depth at the waveguide

interfaces tends to zero.
3H. Kogelnik, Theory of Dielectric Waveguides, in T. Tamir, ed. Integrated Optics, Springer Verlag,

Berlin 1975.
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can be extended to other profiles, e.g., a profile characterized by a function 1/ (cosh2 :v) =
sech’z
n* = n?+ 2n, An/ cosh?® (2z/h)

(h represents an effective waveguide thickness) or to dielectric structures with the sym-
metry of circular or elliptical cylinder (optical fibers).

In analogy with the Bloch states in crystals, there are also Bloch states in structures
with translation symmetry in one, two or three dimensions. In optics and photonics, the
dielectric structures displaying two or three dimensional translation symmetry are known
as photonic crystals. The physics of dielectric waveguides and the non relativistic quantum
physics share approximations in the solutions to analogous problems using perturbation
theory, variational calculus, orthonormal series, etc. Analysis of electromagnetic waves
in structures of integrated optoelectronics and fiber optics is employed in the design of
devices, circuits, and systems and in modeling of their optical response.

Thanks to the progress in technology, optical circuits and devices can be realized with
the resolution better than a fraction of radiation wavelength in a medium. Note that the
radiation wavelength, A, in a non absorbing medium characterized by the real index of
refraction, n, may be much smaller than the wavelength in a vacuum, A, A = Ayae/n .
The requirements on the lithography resolution can be appreciated on distributed feedback

lasers and lasers with Bragg reflectors which are built on semiconductors with n ~ 3,6.

1.1 Circuits and Devices

The circuits of integrated optoelectronics involve planar, channel and fiber waveguides
suitable for a undistorted broad band transmission of optical signals, radiation sources
(lasers), amplifiers, detectors, couplers, modulators, frequency selective filters, switchers,
phase shifters, multiplexors, interferometers, attenuators, non reciprocal devices, etc. The
microwave modulation at optical carrier frequency can be realized using electroabsorption

in semiconductors ( electroabsorption modulated lasers, EML).

1.2 Materials

Dielectrics (the real index of refraction, n, much greater than the extinction coefficient,
k, ie., n > k) are mostly employed in waveguides for passive transmission at optical
frequencies.

Semiconductors, mostly the family III-V (e.g., Ga;_,Al,As, InP), are employed in
monolithic integrated optical circuits as lasers, amplifiers, and detectors (n ~ k ). With

the band gap controlled by chemical composition, the semiconductors can perform other
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functions including modulation and passive waveguiding (n > k). A special modern area
is represented by silicon photonics.*

Metals ( n < k) are employed as effective reflectors, modal filters, transmission of plas-
mons, n < k at frequencies below the plasma edge (long range surface plasmons). They
can be employed as optically transparent electrodes for thin film electrooptic switches and
modulators. A considerable attention is paid to the waves at interfaces between a metal
and a dielectrics in the spectral region where the metal (e.g., Au or Ag) displays a real
negative permittivity (n? — k% < 0, 2nk ~ 0).5 Ferromagnetic metals (Fe, Co, Ni) find
use in magnetooptical and nonreciprocal devices.

From the point of view of structure, the materials involve single crystals, polycrystals,
polymers or amorphous media. The devices take form of one dimensional planar wave-
guides, rectangular waveguides, channel waveguides, periodic structures, optical fibers
with circular or elliptical cross-sections, optical fibers with structured profiles (photonic

crystal fibers).

1.3 Three basic ideas of integrated optoelectronics

The basic ideas of integrated optics involve:

(1)The use of thin film technology for the fabrication of optical elements.

(2) Replacement of diverging Gaussian beams by guided waves in analogy with microwave
circuits.

(3) Integration of optical elements on a common substrate in analogy with microelectronics.

1.4 Three main areas of activity

The research in integrated optoelectronics is focused on the following areas.
(1) The first one develops new materials using approaches of quantum physics and physics
of condensed matter.
(2) The second one studies electromagnetic wave processes including the wave propagation
in periodic nanostructures.
(3) The third one assembles optoelectronic devices into systems (system architecture in
optical networking).

At present, the main interest is devoted to optical waves in nanostructures, photonic

crystals, plasmon waveguiding, and photonic crystal fibers.

4M. J. R. Heck et al., Hybrid Silicon Photonics ...,JIEEE J. Sel. Top. Quantum Electron. 17, 333-346
(2011).
°P. Berini, Long range surface plasmon polaritons, Adv. Optics & Photonics 1, 484-588 (2009).
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1.5 Optical fibres

A systematic demand on the volume and speed of data carried with electromagnetic waves
requires an increase in carrier frequencies from radio waves and microwaves towards the
optical region. The transfer of optical waves, in particular to high distances is performed
by optical fibers of circular cross section.® The optical fibers technology has developed
since sixties of twenty century and starts from extremely high purity silicon oxide. The
optimal cross section is controlled by precise doping during fiber pulling. The attenuation
in these high technology fibers is much lower than those in optical materials employed in
the best optical devices. Long distance optical fiber communications employs wavelengths
of 1.3 pm and 1.55 pm corresponding to the attenuation and dispersion minima, respec-
tively. The attenuation is evaluated in decibels as a logarithm of the base 10 evaluated
for a ratio of the input optical power, P, , to the output optical power, P, , multiplied

the factor of ten,

P,
out

The attenuation per 1 km represents the basic optical fiber parameter. In particular, for

the attenuation per 1 km in the fiber of the highest quality is as low as,

the output power at the 1 km distance becomes

P
Pout

= 10%%!' ~ 1.0233 (1.3)

e.g. on the 1 km distance
Pout ~ 0977P1n (14)

less than 2.3 % of the power is lost.
At the distance of dy,, km the power attenuation in decibels (dB) becomes

Ngg = NaB/km X dxm (1.5)

The attenuation of 3 dB corresponds to the decrease of the the output power to the half

of the input power

P

out
P,
0.30103 = log,n2 =~ logy, D
out

SR. Olshansky, Propagation in glass optical waveguides, Rev. Mod. Phys. 51, 341-367 (1979)
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Assuming Ngpim = 0.1 dB, this decrease takes place on the distance of 30 km. At
NdB/km =0.1dB and dkm = 50 km

B

out
corresponding to a power ratio,

B

= 10% = V10 =~ 3.162 (1.7)
Pout
giving
Py ~ 0.316P, (1.8)

At the 50 km distance the fiber transfers 31.6 % of the input power. The 50 km distance

is chosen as a distance between amplifiers in submarine optical fibers.



Chapter 2

Principle of dielectric waveguides

2.1 Thin film interference

A detailed description of the wave propagation in dielectric structures may be rather
complicated. Nevertheless, the basic principle can be explained using elementary con-
siderations on the uniform plane wave interference in a planar one dimensional structure
consisting of a thin film sandwiched between a substrate and a cover.! The cover occupies
the half space above the film characterized by a real index of refraction, n.. Often, the
cover is ambient air with n. = 1. The film is characterized by the real index of refraction
ny, and the substrate characterized by n, fills the half space below the film.

The problem geometry is chosen as follows. The interface between the cover and the
film is situated in the plane x = 0 of the Cartesian coordinate system with the positive
r axis directed to the cover half space. The interface between the film and substrate
is situated in the plane x = —h (Figure 2.1). We assume the existence of two pairs
of uniform plane waves linearly polarized with the electric field vectors perpendicular
or parallel to the plane of incidence (perpendicular to the unit vector g in each of these
regions. The waves display the normal components of propagation vectors, k; , of different
signs

k, = nlg (2sin6, + @ cos b)) , 0<6 < g (2.1)
c

where [ = ¢, f,s. The plane of incidence which contains k; is defined by the Cartesian
unit vectors 2 and @, i.e., the plane of incidence normal coincides with y.
The angles ¢; stand for the angles 6., 0;, and 6, , between k., ks, and k; and the

interface normal (here @), respectively. The angular frequency and the speed of light

'D. Marcuse, Light Transmission Optics, Van Nostrand Reinhold Company, New York 1972, H. Ko-
gelnik, Theory of Dielectric Waveguides, in T. Tamir, ed. Integrated Optics, Springer Verlag, Berlin 1975,
D. Marcuse, Theory of Dielectric Optical Waveguides, Academic Press, New York and London 1974.
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N

Figure 2.1: Multiple reflections in a dielectric thin film of a thickness, h, characterized by a
real index of refraction, ny , sandwiched between a dielectric cover characterized by a real index
of refraction, n., and a dielectric substrate characterized by a real index of refraction, ng. The
angles between the propagation vectors and the unit vector & perpendicular to the interface

planes in the cover, the film and the substrate are denoted as 6., 0, and 0, respectively.

in a vacuum are denoted as w and c, respectively. These are related with the vacuum

wavelength, ... by the relation,

(2.2)

2w
AVZlC &
The signs in Eq. (2.1) distinguish the waves with the propagation vector z-components

parallel or anti-parallel to @. All k; are restricted to the zz plane normal to y. The

w .. X .
magnitudes of propagation vectors, k; = n;— (2sinf;, & & cos ;) are given by
c

w

Fields of these traveling waves will be taken proportional to an exponential function with

an argument imaginary pure
: ) w , w
exp[j(wt —k;-r)] = exp [J <wt — —nyzsinf; F —nyx cos 9;)} (2.4)
c c

For example, the electric field of the incident wave, F;, in the cover region, ¢, with the
i W .. A . .
propagation vector, k((:m) =n.— (2sinf, — & cosb,.), traveling towards the ¢ — f interface
c

is proportional to

E;, o~ exp [j (wt - gncz sinf, + gncas cos OCH (2.5)
c c
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The electric field of the reflected wave, E,, in the cover region, ¢, with the propaga-
. (refl) __ WL ” . . . .
tion vector k. = n.— (2sinf. + & cosh.), i.e. traveling out of the ¢ — f interface is

c
proportional to

E, o« exp [j (wt — E7ch sin 6, — gncx cos 90)} (2.6)
c c

The account of the medium linearity and Snell law
nesinb. = nysinfy = ngsin 0, (2.7)

(the conservation of the propagation vector components of the incident, reflected and

transmitted waves parallel to the interface plane) gives

exp [j (wt — %nlz sin 91)} , (2.8)

i.e., an invariant formed by the product of sinf; and the real index of refraction, n; for
the media l = ¢, f, s.

To simplify the problem, let us assume that the electric field amplitude of the wave
traveling from the substrate towards the s— f interface is zero. For the sake of conciseness,

we denote the phase increment corresponding to a single traverse across the film as
W
¢y = —nyhcosty (2.9)
c

The phase increment is maximum at the normal incidence where 65 = 0. The ratio of the
total electric field of reflected waves, F, , to the electric field of the incident wave, E;, in

the cover region ¢ becomes

= = rg+ (tcf eI pp eI tp At e Iy eI p eI eI L )

E,
(2.10)

where the Fresnel transmission and reflection coefficient for the interface between the
entrance medium, ¢ (cover), and the film f are denoted as r.; and ¢.f, respectively, for
the waves incident from the cover region ¢ and as ry. and t¢. for the waves incident from
the film region, f. In a similar way, we denote the Fresnel transmission and reflection
coefficient for the interface between the film, f, and the exit medium (substrate), s, as
rss and tg,, respectively for the waves traveling from the film region, f, towards the

interface s — f .2

2The transmission coefficient ¢ ;s would be taken into account in the analysis of the waves transmitted
to the substrate.
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2.1.1 Fresnel equations
Fresnel equations below the critical angle of incidence

The present analysis employs reflection and transmission coefficients at planar interface
between linear isotropic and homogeneous (LIH) media. These are given by Fresnel
equations for the electric field amplitude ratios of reflected and transmitted waves with
respect to that of the incident wave. The Fresnel reflection and transmission coefficients
for the planar waves with TE polarization (i.e., with the linearly polarized electric field
perpendicular to the plane of incidence) and those with TM polarization (i.e., with the
linearly polarized magnetic field perpendicular to the plane of incidence) pertinent to a

planar interface between nonmagnetic LIH media 1 and 2 become?

(TE) ny cos B; — ny cos b, ny cosb; — (n3 — n?sin® 91-)1/2 (2.110)
ny cos 0; + ny cos 0, n1 cos b; + (n2 — n? sin®6;) 1/2
(TE) (TE) 2TL1 COS GZ 2711 COS 91
ty = l4ry = 0. 0, . 9 2\1/2
nypcost; +n2cosby  pcosh; + (n% — n?sin Qi)
(2.11b)
(T™M) Ny cos 8; — ny cos b, n3 cos ; — niny cos 0
T'12 = )
N9 cos B; + nq cos 6, ns cos 6; + ning cos b,
n3 cosf; — ny (n% — n?sin? Qi)l/Q .
9 0. 2 220 \1/2 (2.11c)
ny cos 6; + ny (n2 nj sin 61)
(TM) nq (TM) 2711 COS 91 2711712 COS (9@
tio = — (1 + 712 ) = =3
Na ng cos; +nycosl,  n3cosb; + ning cos by
_ 2n1n2 COS 02 (2 11d)

2 2

. 92 1/2
5 — njsin Qi)

njcost; + ny (n

where 6; and 6; represent the angle of incidence and the angle of refraction, respectively.
In the last step, we have eliminated cos#; using Snell law. The Snell law requires the

continuity of the propagation vector components parallel to the interface,

Enl sinf;, = gng sin 0, (2.12)
c c

Then ny cosf; or nycosfy in Egs. (2.11) can be expressed as

nycosty = (nj—nisin®6;) 2 (TE) (2.13a)
nicosf, = n (n3 — nisin®6;) 2 (TM) (2.13b)
Ny

3The Fresnel equations in this form remain also valid for an interface of magnetic media which display

the same magnetic permeability.
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Critical angle of incidence

A wave traveling from a medium of higher index of refraction n; and incident to an inter-
face with a medium of lower index of refraction ny (i.e., ny < ny) at an angle of incidence
higher than a certain critical angle is totally reflected. To include the phenomenon of
total reflection, the Fresnel formulae (2.11) require a generalization (Section 2.1.1). In

particular, at the critical angle of incidence 9§Cﬂt) in the medium 1,

sin 0

(€t — pyfny < 1 (2.14)

the cosine of the angle of refraction to the medium 2 follows from
1/2
ny cos 6\ = (n% — n2sin® g\ ) = 0=nmny cosg (2.15)

i.e., at the critical angle of incidence, the angle of refraction, Ht(crit) , is equal to 7/2,
e(crit) _ z
! 2
Refracted waves travel parallel to the interface.
The substitutions of Eq. (2.15) into Egs. (2.11) provide the values at the critical angle

of incidence 6"

of the reflection and transmission coeflicients for waves incident from
a medium characterized by an index of refraction, n;, to the interface with a medium
characterized by an index of refraction, ny < nq

(TE <
2" (0
i
(o

(crit) ) — 1 (2.16a
(

(crit) ) - 9

0! )
0; )
gLt ) ~ 1 (2.16¢)

)

oLt ) = oM (2.16d

Reflection above the critical angle of incidence

We wish to find the dependence of phase of reflection coefficient on the angle of incidence
above the critical angle of incidence. We consider a planar interface between two LIH
media characterized by real indices of refraction n; a ns, at the condition n; > ny. The
interface is situated in the plane normal to the z axis of a Cartesian coordinate system.

The unit vector & normal to the interface plane points from the medium of higher
index of refraction, n;, to the medium of lower index of refraction, ny. A plane wave
from the medium of n; impinges at the interface at an angle of incidence, 6; , greater than

(crlt

the critical angle for total reflection, 9§;“t> = arcsin(ng/nq) , ie., 0; > 015 . A plane wave

defined by its propagation vector

k; = ki (X cosb; + zsinb;) = fnl (& cosb; + zsinb;) ,
c
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propagates with an incident electric field

E;, = Eyexplj(wt—k;-r)]
= FEg exp [jwt — jki (@ cosb; + zsinb;) - (xx + gy + 22)]
= Eq; exp [jwt — jk1 (x cosb; + zsin 6;)] (2.17a)

The incident wave produces a reflected wave defined by a propagation vector
w
k, =k (—xcosb; + zsinb;) = —ny (—x cosb; + 2sin ;)
c
characterized by a reflected electric field

E, = Eypexplj(wt—k,.- )]
= FEoy,exp [jwt — jki (—x cosb; + 2sinb;) - (xx + gy + 22)]
= Ey exp [jwt — jki (—x cos0; + zsin6;)] (2.17b)

and a transmitted wave with a propagation vector k, = xk;, + Zk,. characterized by a

transmitted electric field

E, = Eyexplj(wt—Fkq-7)]
= Epexp [jwt —j (ktox + ki22)] (2.17¢)

The propagation constants of the incident and reflected waves, k; and k, are the same,
e, k; =k, =k =ny(w/c), that of the transmitted wave is given by k; = ke = na(w/c).
The propagation vector components parallel to the planar interface at the interface are
conserved (Snell law) and amount k;. = 2ni(w/c)sinf;. The normal component of the
incident propagation vector is simply k;, = @n;(w/c)cosf;. That of the reflected wave
is of opposite orientation, i.e., k., = —&nj(w/c)cosf;. The magnitude of the normal

component of the transmitted propagation vector follows from the equation

2 2 ,
ki, = ki —kj = (Ci) (n3 — nisin®6;) < (C—u> (ng — nfsin® 853“”) =0.
c c
(2.18)

Above the critical angle, 6; > Ggit) , the scalar product ky, - & = ki, becomes imaginary

pure. We get

LW . 1/2
ki = +j— (n?sin®6; —n3
t Jc(nlsm nQ)
(2.19)

)1/2

where (nfsin®6; — n} > 0. The transmitted wave traveling with the normal compo-

nent of the propagation vector oriented along positive & (with increasing x coordinate),
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must be exponentially decaying with the increasing x. As a consequence, we have to

choose
ki = —ja= (nfsin’6, —n3)"” (2.20)
to get for the scalar product
ki, -xx = kgx= —j% (n% sin? 6, — ng)l/Q x (2.21)

In the electromagnetic wave theory of dielectric waveguides, the amplitude of the normal

propagation vector component,

w 27
ko] = = (nisin®6; —n3) 12 _ (n}sin®6; — ng)l/Q (2.22)
& Avac

is defined as a transverse attenuation constant, «v. In the chosen configuration, the vectors
ki, a x (i.e. for the wave propagating in the positive direction of +&) are parallel with
same orientation. Based on these considerations, the transmitted, so called evanescent,

wave can be characterized by its electric field,

)1/2

7

w w
Et = EOt exp [J (wt —NnNi1—=z sin 01>:| exp [ —— (n% Sin2 01 . ng
C C

>0

T

(2.23)

The value |k, |™" corresponds to the penetration depth of the evanescent wave into the

medium with no at the total reflection at the interface of media characterized by ny > na.

The penetration depth is denoted as §(1%
1 A 1
612 = = b = (2.24)
|t 2 (n?sin®6; — n%)l/2 d (n}sin®*6; — n%)l/Q
It is minimal at §; — m/2 and goes to the infinity at GZ(Crit) .
Let us list the propagation vectors of these three waves
ki = ki (xcosb; + zsinb;) (2.25a)
k, = ki(—xcosb;+ zsinb,) (2.25b)
k, — —j:%% (n2sin®6; — n2)"* + 2k sin 6; (2.25¢)
and the corresponding scalar product in the exponential factors
ki-r = ky(xcosb; + zsinb;) (2.26a)
k.-r = ki (—zcosb;+ zsinb;) (2.26b)

kv = —jr— (n?sin®0; — n2)"? + 2k, sin 6, (2.26¢)
C
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ng

ni

Figure 2.2: Reflection at the upper boundary of the film.

x
T
A
0; 0;
ni
0 z
na

Figure 2.3: Reflection at the lower boundary of the film.

In the analysis of total internal reflections at the upper and lower interface in a film of
the refractive index n, , sandwiched between media of lower indices of refraction, n, < n
it is useful to consider another configuration, the configuration with an opposite orien-
tation of the propagation vector component normal to the interface. So far, we have
analyzed the reflection at the “upper” interface boundary (Figure 2.2). At the“lower”
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interface boundary (Figure 2.3) in the same coordinate system, the unit vector &, normal
to the interface plane will be of opposite orientation, i.e., & will oriented from the medium
of a lower index of refraction, ny, to the medium of higher index of refraction, ny; > nsy.

The propagation vectors from Eqs. (2.25) are transformed to

ki = ki(—xcosb;, + 2sinb;) (2.27a)

k., = ki (xcosh; + zsinb;) (2.27b)

k., = j:f:c—d (n}sin®6; — n3) Y2 4 £k sin 0; (2.27¢)
c

and the corresponding scalar products in Egs. (2.26) become

ki-r = ki (—xcosb;+ zsinb;) (2.28a)

k.-r = ki(xcosh; + zsinb;) (2.28Db)

ki-r = jxf (nisin®6; — ng)l/2 + zky sin 6; (2.28¢)
c

The transmitted evanescent wave, previously expressed by Eq. (2.23), now traveling in

the direction of decreasing x < 0 should be expressed as

w w
E, = Egexp [j <wt —ny—zsin QZ>] exp | — (n% sin? 6; — ng)l/2 x
C C
>0

(2.29)

The two cases may be involved in a single equation using the expression with the absolute

value of z | i.e. |z

w w
E, = Eyexp [j <wt —n;—zsin 92>] exp | —— (n% sin?6; — n%)l/2 ||
c c _
>0

(2.30)

2.1.2 Fresnel equations above the critical angle of incidence

At a planar interface of nonmagnetic media (or at a planar interface of media characterized
by a common magnetic permeability) of the indices of refraction n; > ns the Fresnel
equations for wave reflection above the critical angle assume the form (independent on

the choice of a coordinate system for the incident wave and the interface) given by

ny cosB; +j (n?sin?6; — n2 1/2

YD ! (i — 2)1/2 (2.31a)
Ny cosl; — j (n% sin® 0; — n%)
n2cosb; +jn (n?sin?6;, — n? 1/2

P _ T G 2) (2.31D)

: : 172
njcosb; — jni (nfsin®6; — n3) /
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where the incident waves traveling to the interface from the medium of higher index of
refraction, n; , at an angle of incidence with respect to the interface normal of 6; > 65t .

In Egs. (2.11), we have replaced

(n3 — nf sin’ 92-)1/2 — —j (nisin*6; — n%)l/2 .

From Eqs. (2.31), it is obvious that TSE)

internal reflection. We employ the exponential representation

(TM

=1 a|r; )’ = 1, corresponding to the total

2 (in2 6. — 2)1/2
(TE) _ 9js(™® (TE) _ (n?sin®6; — n3)
T = e = arctan 2.32a
12 ) ¢12 Ny COS 92 ( )
2 (02 a2 2\1/2
. (TM) n? (nysin“ 0; — n
ng‘M) — e2J¢12 ) ggM) — arctan —; ( ! ! 2) (232b)
n; ny cos ;

The angles 2¢§§E) and 2¢§§M) represent phase shifts of the incident planar waves traveling
from the medium characterized by n; with TE and TM polarization, respectively, at
the total reflection at the interface with the medium of a lower index of refraction ns
(n2 < ny). The curves of gzﬁgE) and ¢>§§M) dependent on the angle of incidence are
illustrated in Figure 2.4. The ratio n;/ny = 3,6 corresponds to the interface between
a GaAS semiconductor and air. The ratio ni/ny = 2 illustrates the situation at the
interface between an LiNbOj ionic crystal and air. Further, the ratio ni/ny = 1,4
corresponds to the interface between a fused quartz (amorphous SiOs ) and air. Finally,
the ratio ny/ny = 1,01 illustrate the situation at the interface between the core and
cladding in optical fibers or at at an interface in semiconductor heterostructures GaAlAs

considered for the monolithic integrated optoelectronics (n; = 3,6 a ng = 3,55).

2.1.3 Sum of multiple reflection series

The expression in the parentheses in Eq. (2.10) represent geometric series > > | ajq™

% = rep+ (teprpstpee307) [1 + (rperps €7997) + (rpergs e_2j¢f)2 +.. ]

(2.33)

At the condition of convergence, i.e. for ¢ < 1, the sum is given by

it a
_ 1
s = § alqn 1 _
n=1

l1—gq
Here
ay = tchfStfce_2j¢f

q = rfcrfse_2j¢f
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90°
L nl/n2:3.6
B 2,0 i
1.4
B ™ T TE | |
TE ™
o557, ol
B 1.1 i
n 1.01]
T™M|/TE
i TM|/ TE ]
O 1 1
0° 90°
6

Figure 2.4: Phase half shifts gng) and (ﬁgM) above the critical angle of incidence at the internal

total reflection as functions of the angle of incidence, 6;, for several ratios of indices of refrac-

tion, n1/ng. At the critical angle, d [¢gE> (ei)} /df; — oo and d [gng) (91-)} /df; — oo. At

0 = 90°, d [o13") (60)] /d6; equals ma (nf —n3) * = L2 and d 03" (6:)] /a6
1 (nf — n3)

2 -1/, 2 \—1/2 _ €2 n1
equals nin (n1 — nQ) = 7W .
€L (n} — n3)

and according to Eq. (2.9)
o = O—Jnfhcos 0
c

The global reflection coefficient of the planar system cover — film — substrate will be

given as a ratio of the electric field amplitude of the reflected wave, E, , and that of the



18 CHAPTER 2. PRINCIPLE OF DIELECTRIC WAVEGUIDES

incident wave, F;

2jpy

E, tcftchfse_
-_ — /r'c
E i

; L — ryorpse™ 20

’f’cf (1 — rfcrfse_2j¢f) + tcftfcrfse_2j¢f

1-— chTfse_2j¢f

Tef + (tept e = regrye) ryse™%
1-— chTfse_2j¢f

We account for the following identity which follows e.g., from the Fresnel formulae

tcftfc —TefTfe = 1 s Tef = —Tfe
Then
E Tep + T pse" 201
- = I (2.34)
E; L — ryerpse 20

where |r.f| <1 and |rs| < 1.

Alternatively, we could start from the analysis of the wave transmitted into the sub-
strate. The ratio of the transmitted electric field amplitude, E;, to that of the incident
electric field, F;, would be given by

Et o tcftfse*j‘ﬁf
E N 1—7’f57’fse*2j¢f (235)

For the present purpose, it is relevant that the form of the denominator in Eq. (2.34) and
in Eq. (2.35) is the same.

2.2 Guided waves in planar structures

2.2.1 Eigenvalue equation

The eigenvalue equation, i.e., the condition for the guided eigenmodes in planar (i.e.,
unidimensional, 1D) systems formed by a cover, ¢, a thin film, f, and a substrate, s,
is given by poles of the function 1 — r.rsse"%9/ | entering the denominator on the right
hand side in Eqs. (2.34) and (2.35),

1 —rperpe” %0 = 0 (2.36)

It can be satisfied above the higher of the critical angles critical angles Q(Ccrit) and Q;Zrit)

for the total reflection at the f-c or f-s interface, at the conditions n, < ny and ny < ny,

6 = arcsin < 2.37
Fe arcsin ny’ (2.37a)



2.2. GUIDED WAVES IN PLANAR STRUCTURES 19

Ggfsrit) — arcsin 2. (2.37b)
ny

The angle, 0, spanned by the propagation vector, in the film, k¢, and the interface

normal is restricted to the range

6; > 0™ — arcsin —< 2.38
;> 05, arcsin 0 (2.38a)
or
0 (erit) . M
f >0 = arcsin— (2.38b)
ny

whichever is narrower. Then |r.s| =1 and |r¢s| = 1 and the Fresnel reflection coefficients

can be expressed in exponential forms as in Egs. (2.32)

ch — 62J¢fc
Tfs e2J¢fs

The waveguiding condition can be transformed into the form

iie%‘bf = 1
T‘fc Tfs
2P o= 2UPrcq=2drs = 1.

w
After the substitution for ¢, according to Eq. (2.9), i.e., ¢y = —nyshcosfy, we rewrite
c

the condition as

exp [Qj (%nfh cosly — ¢s. — gbfs)] = exp (2jvr)

where, in general, v = 0,4+1,+2,..., i.e., v is an integer. The comparison of the expo-

nents provides the waveguiding condition in a convenient form
W
—nshcosly — ¢ — @ps = vm, r=20,1,2,3,... (2.39a)
c

restricted, for the sake of simplicity, to non negative v. Here, the projection k; - & =
gnf cos; represents a transverse component of the propagation vector. In the elec-
tcromagnetic field theory of guided waves in dielectric structures, this will be defined as
transverse propagation constant and denoted by a symbol x. Waveguiding modes are
distinguished by the integer v .

In terms of the vacuum wavelength, \,. = w/c, the eigenvalue equation representing

the waveguiding condition assumes the final conventional form

21h

ngcosly — ¢pe — Qps = v, v=20,1,2,3,... (2.39Db)

vac
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The waveguiding condition is valid for each eigen polarization, i.e., for either TE or TM,

separately,
“nsheosty — oD — TP — pr 5 =0,1,23,... (2.40a)
C
ngheos; — ¢ — g™ — prl 1y =0,1,2,3,... (2.40D)
&

The simultaneous waveguiding condition takes the form of product,

(1 B rgE)TgE)e_zquf) (1 _ T;EM)T}ZM)e—zm) — 0 (2.41)

The TE and TM waves satisfying the waveguiding condition are called (eigen) TE modes
and (eigen) TM modes.

2.2.2 Effective guide index

The effective guide index is defined by the relation
N = nysinfy (2.42)

where ny and 6y are the index of refraction in the film and the angle spanned by the
propagation vector and the normal to the film interfaces, respectively. We denote the
indices of refraction of cover and the substrate as n. resp. ng, respectively. The effective
guide index is confined to the smaller of the intervals n. < N <ny and ny < N <ny .
In terms of N, the phase half shifts at the total internal reflection given in Eqgs. (2.32)

become
.92 1/2 1/2
¢'T® — arctan (i sin” 0 — ) = arctan u
fe nycos by n} — N2
(2.43a)
. 1/2 1/2
(™) n% (n}sin® 0y — n?) / B n} [ N? —n?
¢y = = arctan — =arctan | = | 57—
n? ngcos Oy ng \ny—N
(2.43Db)
2 i 2 2\1/2 1/2
¢(TE) = arctan (nf sin” 0y — ns) = arctan u
fs nyscosfy n% — N?
(2.43c¢)
. 1/2 1/2
(TM) n; (n? sin® 0y — n?) / n} [ N? —n?
O = arctan — =arctan | = | 57—
n? ngcos Oy ng \ny—N

(2.43d)
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We denote the film thickness by A and replace w/c = 27/ Ayae . The waveguiding conditions
for eigen TE and TM modes given in Egs. (2.40) can be rearranged. For the TE modes,

1/2 1/2
omh N? — 2 N? — 2
i (nff - N2)1/2 — arctan ( nC) — arctan (_ns = ur

Avac nfc—N2 nfc—N2

(2.44a)

and for the TM modes,

1/2
2rh , o\ 1/2 ny >[N — ne
Avac (nf - N ) — arctan n_c m

1/2
ne\? [ N? —n? _
— arctan — s =T
N ny — N

(2.44b)

Using

T+y
arctanx + arctany = arctan ,
1—ay

(2.45)

in Egs. (2.44), we get for TE modes,

| (v 2 + avetan | (X221 ]
arctan | | ———=< arctan | | ——=
nfc—N2 n?c—N2

Nz—nz 1/2 N N2—n§ 1/27]
nj — N2 nj — N2

= arctan =

N2 2 1/2 N2 2 1/2
T Y L A
nfc—N2 n?c—N2

(n? _ N2)1/2 [(NZ _ n2)1/2 (N2 - nz)l/Q]

S

(= N?) = (N =) 2 (2 =)'

= arctan

(2.46a)
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and for the TM modes,

ne\? [ N? —n? e _ ny
arctan — 2—; + arctan =
N, ny — N N

1/2 B
ny 2 (N2 _p2 / ny 2
_J ¢ + _J
Ne nfc—N2 Ny

= arctan = =
1/2 1/2

] ng 2 N? —n? ng 2 N2 —n?

Ne n?c—N2 n, n?_NQ

w3 (03 — N?)"2 [n2 (V2 = n2)" 4 2 (N2 — 2) /2]

C

n2n?2 (n? — N2) — n‘} (N2 — n2)1/2 (N2 — n2)1/2

Cc

= arctan

(2.46b)
Equations (2.44) can then be expressed for TE modes as,
1/2 1/2 1/2
orh , 12 (nfc—Nz) [(NQ—ng)/ +(N2—ng)/]
(nf — N ) — arctan = ur
Avac (’I”L?c _ NZ) _ (N2 _ nz)l/Q (N2 N ng)l/Q
(2.47a)
and for the TM modes,
( \
<@—NW”FW—@WQ}W—@W1
2 2 2
2mh n n; nz
T (nfc—NZ)l/z—arctan 2f 5 7 73 = vm.
Avac (nf —N?) (N2 —n2)"* (N? —n2)
nd B n2 n2
( ! * ¢ J
(2.47b)

2.2.3 Ray model

Alternatively, the waveguiding condition in Eq. (2.39) in three planar (1D) ideally dielec-
tric (i.e., lossless) media, cover — film — substrate system, characterized by real indices of
refraction in the cover, n., in the film, n;, and in the substrate, n, in Eq. (2.39) can be
deduced from the considerations on plane waves with defined propagation vectors using
so called ray model, The n., ny, and ny satisfy n, < ny and ny; < ny. We shall further

assume n. < n,. The refractive index profile is determined by

ne < mng < ny (2.48)
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n.= 1.0 e
h ny =22 Oy
n,=1.9
05

Figure 2.5: Radiation mode at 0 = 25°. After Herwig Kogelnik, Theory of Dielectric Wave-
guides in Integrated Optics, Editor: Theodor Tamir, Topics in Applied Physics, Vol. 7, Springer
Verlag, Berlin, Heidelberg, New York, 1975.

The critical angles for total internal reflection are given by Eqs. (2.37)

gl in ¢ 9.49
Fe arcsin 0 (2.49a)
- n

'Y = arcsin — 2.49b
Fs arcsin 0 ( )

We again choose the Cartesian coordinate system with the x axis normal to the interface
planes. The c—f interface is situated in the plane z = 0 and the interface f—s is situated
in the plane © = —h as in Figure 2.1. The cover fills the half space x > 0 the film is
confined to the region 0 > x > —h and the substrate occupies the half space + < —h.
The propagation vectors of the plane waves with either TE or TM eigen polarizations are

confined to the plane of incidence normal to the y axis.

Continuous spectrum of radiation modes

We observe the transmission of a plane wave propagating in the substrate half space
towards the interface substrate — film at an angle of incidence, 6, , spanned by its propa-
gation vector and the interface normal, smaller than the critical angles for total internal

reflection,

o < o\ < gl (2.50)
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The wave after traversing the substrate — film interface is refracted at an angle 6y < 6
and leaves the film — cover interface at an angle 6. > 6;. The angular spectrum given
by the condition (2.50) is continuous and represents the spectrum of radiation modes.

The situation is illustrated in Figure 2.5.

n, = 1.0
0 0
h f !
nf =22 9]0 ef
0, 0
n,=1.9

Figure 2.6: Substrate mode, 6y = 50° . After Herwig Kogelnik, Theory of Dielectric Waveguides
in Integrated Optics, Editor: Theodor Tamir, Topics in Applied Physics, Vol. 7, Springer Verlag,
Berlin, Heidelberg, New York, 1975.

Continuous spectrum of substrate modes

Now we consider a plane wave traveling from the substrate half space to the substrate —
film interface and propagating in the film at an angle ; smaller than the critical angle at
the interface film — substrate but greater than the critical angle at film — cover interface,

crit crit
ol < g < o (2.51)

The wave arrives at the substrate — film interface at an angle 6, and becomes refracted at
an angle 0y < 5. After being totally reflected it returns back to the substrate after passing
the film — substrate interface. The angular spectrum of 6; according to the condition
(2.51) is again continuous and defines the spectrum of substrate modes. The situation is

illustrated in Figure 2.6.
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Figure 2.7: Guided mode, 0y = 65°. After Herwig Kogelnik, Theory of Dielectric Waveguides
in Integrated Optics, Editor: Theodor Tamir, Topics in Applied Physics, Vol. 7, Springer Verlag,
Berlin, Heidelberg, New York, 1975.

Discrete spectrum of guided modes

We now consider the existence of plane waves inside the film characterized by propagation
vectors spanning with the interface normal (parallel to the unit vector, &) an angle 6y,
greater than the critical angles for the total internal reflection at both the film — cover

interface and at the film — substrate interface,
it < ol < g, (2.52)

At a fixed value of propagation vector component parallel to the interface planes and to
. . . . . A LW
the waveguide axis (chosen along the z axis) of magnitude /5, ie., 268 = Zny—sinfy,
the corresponding propagation vector component normal to the interface planes of the
N LW . .

magnitude x assumes the values £&x = £@xny— cost;. Here, 8 denotes the longitudinal
propagation constant related to the effective guide index N from Section 2.2.2 by the
relation 8 = (w/c)N . Then x will denote the transverse propagation constant.

In the film, there exist two waves, one traveling to the film — cover interface

w w

E' = Elexp [j (wt—nf—zsinef —nf—azcosﬁfﬂ (2.53a)
c c

and another one traveling to the film substrate interface

| | : W . w

EY = Ejexp [] <wt—nf—zsmﬂf%—nf—azcosﬁfﬂ (2.53b)
c c

At constructive interference, the sum of these waves generates a guided mode infinite
along the z axis (Figure 2.7). To find the condition for the guided mode, we have to

account not only a phase shift across the film but also abrupt total internal reflection
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Figure 2.8: Graphical solution to the eigenvalue equation in a symmetric waveguide for the
fundamental mode v = 0 at the wavelength Ay, = 1.55 um. The film characterized by the
index of refraction ny = 2.0 of the thickness hy is sandwiched between media of the index of
refraction ny = 1.5. The horizontal axis represents the internal reflection angle, 8, , in the film.
The solution for #; is given by an intersection of the curve for the phase shift across the film
(increasing with the increased film thickness, hy), and the curve of the thickness independent

sum of half phase shifts gZ)gE) or gbgM) at the lower and upper interfaces.

phase changes at the interfaces. A wave characterized by the electric field, ET, traveling
to the interface at + = 0 and receiving a phase shift 2¢;. transforms at the total internal

reflection into the wave characterized by the electric field £V,
Ejexp (267.) = Ej (2.54a)

The wave characterized by E* traveling to the interface x = —h and receiving a phase

shift 2¢, transforms into the wave characterized by E'
1 W . _ T . w
Ejexp |j(—ng—hcosOf )| exp (j2¢+s) Ejexp |j(ng—hcosly (2.54b)
c c

An invariant factor exp [j (wt —-n fgz sin Hfﬂ on both sides of Eqgs. (2.54) was removed.
c
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w w
k' = &np—cosf+ Zns—sinb; (2.55a)
c c
w w
k¥ = —d@&ng—cosf;+ Zn;—sinb; (2.55b)
c c
The phase relations between the waves at the interface x = 0 and at the interface v = —h

expressed in Egs. (2.54) form a homogeneous equation system,

Ejexp (j2¢5) — By = 0 (2.56a)

Eg exp [j (nf%hcos 0f>] — Eé exp [j (—nf%hcos 0 + 2¢fs)] =0
(2.56b)

The condition for nontrivial solutions to a homogeneous equation system requires the
zero determinant of the left hand side. In the present case of the equation system for the

amplitudes Eg and Eé the following determinant must vanish,

exp (j2¢c) -1

exp [J (nf%h Cosef)] — exp [,] <_nf%hCOS b, + 2¢fs>:| =0 (2.57)

After computing the determinant, we get
—exp [j <—nfghcos Of + 20 + 2¢f5>:| + exp [j (nfghcos 9f>:| = 0
c c

We divide the equation by the first term on the left hand side to get

exp [j (an%hcos O — 205 — 2¢fs)] =1

The comparison of the exponents leads to the already known eigenvalue equation, Eq. (2.39),

which expresses the so called transverse resonance condition,
w
—nshcosOp — ¢re — pps = v, vr=20,1,2,3,... (2.58)
c

The angular spectrum of 6 consistent with Eq. (2.58) falling into the range (2.52) becomes
discrete. It form the spectrum of guided modes. The result is valid separately for the TE
and TM eigen polarizations as in Eqgs. (2.40).

The eigenvalue equation for guided TE and TM modes was derived in several equi-
valent forms presented, e.g., in Eqgs. (2.40) or (2.44). Its graphical solution is shown in
Figures 2.8 through 2.14. Figure 2.8 illustrates the solution to the eigenvalue equation for
the fundamental mode v = 0 in a symmetric planar waveguide. The solutions for modes
v > 0 are shown in Figure 2.9. The solutions for the fundamental TE and TM fundamen-
tal modes ¥ = 0 in an asymmetric planar waveguide are compared in Figure 2.10. Note
that the cut-off film thickness is higher for the TM mode than that for the TE mode.
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Table 2.1: Guided TE modes of the order v at the vacuum wavelength Ay, = 1060nm in
a dielectric planar waveguide consisting of a layer (ZnS) of the index of refraction, ny = 2.2899,
and of the thickness, h = 1500nm, sandwiched between an overlayer (air) of the index of
refraction, n, = 1.0 and a substrate (glass) of the index of refraction, ns = 1.5040. The results
of the graphical solution to the eigenvalue equation (2.40a) in Figures 2.13 and 2.14 are expressed
in terms of the “zig-zag” angle 0y spanned by the propagation vector and the normal to the

interfaces and in terms of the waveguide index, N = nysinf; .

v 0 1 2 3 4

Of || 82.1° | 74.1° | 65.7° | 56.9° | 47.7°

N || 2.268 | 2.202 | 2.087 | 1.918 | 1.694

At the chosen film thickness, h = 1500nm, and the vacuum wavelength A, =
1060nm (Nd:YAG laser) the waveguide allows the propagation of modes in the range
0 < v < 4. The graphical solutions to eigenvalue equation for 0 < v <3 and 1 <v <4
along with the cut-off thicknesses are shown in Figures 2.11 and 2.12, respectively. The
eigenvalues of the “zig-zag” angles, 0, for TE and TM modes of the order 0 < v < 3 and
1 < v <4 at the film thickness A = 1500 nm and the vacuum wavelength \,,. = 1 060 nm
can be determined from the scales in Figures 2.13 and 2.14, respectively.

The waveguide in Figure 2.11 allows the propagation of the guided TE and TM modes
above the cut-off film thickness, h = 56 nm and h = 126 nm , respectively. The waveguide
remains a monomode one for the TE and TM modes up to the film thickness, h = 364 nm
and h = 432 nm , respectively. The TE and TM modes of the order v = 2 become allowed
above h = 670 nm and h = 740 nm , respectively. For example, at an intermediate film
thickness, h = 906 nm , shown in the Figure 2.11, the waveguide still carries the TE and
TM modes v =0, 1, 2, only.

In Figure 2.12, the guided TE and TM modes of the order v = 3 start above the
film thickness, h = 976 nm and h = 1048 nm, respectively. The guided TE and TM
modes of the order v = 4 start above the film thickness, h = 1280 nm and h = 1352 nm,
respectively. At A = 1500 nm the modes of the order v > 4 are forbidden. The results
of graphical solutions to the eigenvalue equation read from Figures 2.13 and 2.14 are
summarized for the TE modes in Table 2.1 and for the TM modes in Table 2.2.
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Table 2.2: Guided TM modes of the order v at the vacuum wavelength A\y,c = 1060nm in a
dielectric planar waveguide consisting of a layer (ZnS) of the index of refraction, ny = 2.2899,
and of the thickness, h = 1500nm, sandwiched between an overlayer (air) of the index of
refraction, n, = 1.0 and a substrate (glass) of the index of refraction, ns = 1.5040. The results
of the graphical solution to the eigenvalue equation (2.40b) in Figures 2.13 and 2.14 are expressed
in terms of the “zig-zag” angle 0y spanned by the propagation vector and the normal to the

interfaces and in terms of the waveguide index, N = nysin@; .

v 0 1 2 3 4

Of || 81.4° | 72.8° | 63.7° | 54.2° | 44.3°

N || 2.264 | 2.187 | 2.053 | 1.857 | 1.599

2.3 Modal dispersion

In a planar waveguide with a step like profile of the index of refraction, the central region
(film) is characterized by a uniform real index of refraction. The waves propagate along
the film as a sequence of total internal reflections at the film interfaces. The guided waves
of the same frequency may travel with different angles with respect to the interface normal
(greater than the critical angle for the total internal reflection). Because of the uniform
index of refraction in the film region, the waves travel different paths and also different
optical paths defined as a product of the geometrical path and the (uniform) index of
refraction. The optical paths for the waves traveling with the propagation vectors of
different inclinations and different angles of incidence are different. The waves traveling
at the angle of incidence close to the critical angle propagate with a nearly maximum
number of total reflections per unit length on the waveguide axis (conventionally parallel
to the Cartesian z axis) travel the longest path. On the other hand, the waves traveling
with the propagation vector close to the waveguide axis (close to the glancing incidence
angle) propagate with the shortest path. A fixed point on the waveguide axis is reached by
former waves in a longer time interval than by the latter waves. The incident rectangular
pulse formed by modes traveling with different velocities becomes distorted in a distant
point on the axis. The phenomenon, termed the modal distortion, increases with the
traveled distance.

The modal distortion can be corrected by replacing the step like refractive index profile
by a convenient graded profile. The best solution is represented by a profile characterized
by

n?(z) = n?+2n,An [cosh (%)} -~ (2.59)

i.e., with a profile displaying a graded permittivity component proportional to a square
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of hyperbolic secant
sech z = (coshz)™' (2.60)

It is distinguished by an ideal suppression of modal distortion (Figure 2.15).
A strong suppression of modal distortion is already achieved in dielectric waveguides
with the central region displaying a permittivity profile proportional to the squared dis-

tance from the axis, i.e.,

n?(z) = n’ [1 - (%)2} (2.61)

This can be appreciated from the Mc Laurin development?* of the function

wan(2) = foun (2)]

1 r7xN\2 b5 /xz\4 61 /2\6
= 1-g(e) rala) —w ) (2.62)
x 2
With the restriction to first terms of the development® of [sech <%>}
T \12 T2
[sech (ﬁ)} ~ 1-— (ﬁ) (2.63)

2.4 Normalized eigenvalue equation

The eigenvalue equation for planar dielectric waveguides for TE modes (2.40a) can be
transformed into a normalized form as a function of three parameters, i.e., a normal-
ized frequency-thickness product, V = V(wh), a normalized waveguide index, b, and an
asymmetry waveguide parameter a.> We start from the eigenvalue equation for TE modes

(2.44a) in terms of the waveguide index, N,

1/2 1/2
2rh , N2)1/2 N2 —n? N2 — p? B
)\VﬁC (nf — ) — arctan m — arctan m = T

(2.64)

where the effective waveguide index is related to the longitudinal propagation constant,

B, by the angle of refraction, 0, and the index of refraction in the film, n;. The film is

2 n
) = FO) + 51/ 0) + Zr 8 O0) 4+ S f(0) +

L feostin (27 4 (eosha) @D
5(0057“7):coshx,%:Sinh%n:l’zg’””

dx dx
SHerwig Kogelnik, Theory of Dielectric Waveguides in Integrated Optics, Editor: Theodor Tamir,
Topics in Applied Physics, Vol. 7, Springer Verlag, Berlin, Heidelberg, New York, 1975.
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sandwiched between the half spaces characterized by the indices of refraction n. (cover)

and n, (substrate) restricted to ny > n, > n.,

B = N2 (2.65a)
c

N = nyssiné; (2.65b)

ns < N <ng (2.65¢)

in agreement with Eqgs. (2.42) and (2.48). The normalized frequency w and thickness, h,

product, so called V number is defined as

Vv - W_h(; n?)'? = 2mh (2 =n2)"?, 0<V <o (2.66a)

Ny — —_=
S S
c )\VaC

where \... denotes the vacuum wavelength. The normalized waveguide index, b is defined

as
N2_ 2
b= = 0<b<l (2.66b)
nf_ns

At N — n,, normalized waveguide index, b — 0, and the guiding disappears. The

asymmetry parameter, a, is defined as

» N

2
o = =" p<a<oo (2.66c)
ng —n?

N

In a symmetric waveguide, where ny = n., the asymmetry becomes zero, a = 0. We

arrange the first term in the eigenvalue equation (2.64)

1/2
2rh , oy 1/2 2rh , o\ 1/2 (nfc —ni)
ny — N = ny— N
/\vac ( f ) )\vac ( f ) (TL? . ng)l/2
/
_ 2mh (n2 — n2)1/2 (n} - N2)1 ]
\)\V&C fv S ) (n% B n§)1/2
1%
(nf - N?)"”
=V 5 2\ 1/2
(nf S)

1/2
nj —n2 B N? —n?
nfc — n? n? —n?

= V(1-0b)? (2.67a)
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The second term in the eigenvalue equation (2.64) can be put in the form

( N2 — 2 11/2
2 2\ 2 P
¢ N* —nZ . ny —n;
—arctan | [ 2 = —arctan
nj — N2 nj —n; — (N?* —n2)
I nj —ng |

‘- 1/2Y
N? —n?
n?—nz

L (Vg
2 _ 2
I F % )

b 1/2
= —arctan (1——1)) ] (267b)

= —arctan {

\

The third term in the eigenvalue equation (2.64) is transformed to

( [ N2 —n? + (n? — n?) 1/2

1/2
. N2 —n2 / . nj —n3
—arctan | | 4——=< = —arctan
nj — N2 n —n; — (N? —n2)
e

= —arctan

1/2
= —arctan <b+a> ] (2.67c)

After the substitutions according to Eqs. (2.67), Eq. (2.64) can be transformed into the

normalized form
b+ a 1/2
()7 ey

The cut-off frequency or thickness follows from b — 0 (N — ng). According to Eq. (2.68),

the cut-off frequecy/thickness of the fundamental mode, v = 0, becomes

+ arctan

b\ 12
V(1-b)"Y* = vr+arctan [(ﬁ)

Vo = arctan(a)’? < g ~ 1,5708 (2.69)

With the help of Eq. (2.66a) we get

h h
Vo= B ) = 2 [ a0 = @ e
0

S
c Avac
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h
where V4, resp. [wh],, and [

vac

} are the cut-off values of the parameters for the
0

fundamental mode, v = 0, i.e., the cut-off values of the V-number, cut-off (i.e., the
lowest) value of the thickness, h, the cut-off (i.e., the lowest) value of frequency, w, or

the cut-off (i.e., the highest) value of the vacuum wavelength, A, . It follows

h n2—n2)"”
27 L\ 1 (nf — nz)l/2 = arctan ( . C) (2.71)
vac |

The cut-off frequency and thickness correspond to b = 0 (N — ng). For higher mode

orders, v > 0, we get according to Eq. (2.68),
_ /2 _ 7T
V, = vrm+arctan(a)’” = vr+Vy <vr+ 5 (2.72)
At high orders, v > 1, Vi becomes negligible,
V, =~ vrm (2.73)

The number of allowed waveguide modes increases with the mode frequency and with the
film thickness. Consequently, the number of allowed waveguide modes increases with V',
according to Eq. (2.66a), at a fixed (n —n?),

V, 2h 1/2
v~ (Am)y(n;_ng) (2.74)

™

Note that V' number given by Eq. (2.66a) can be expressed in terms of the ratio of the
(fs)

min °

thickness, h, to the minimum penetration depth at the film - substrate interface, ¢

The penetration depth is given by Eq. (2.24). Its minimum occurs at 6y — 7/2),

AVaC
551{11) = lim 6Y9 = lim 7z
9f4)ﬂ‘/2 9f~>71‘/2 21 (n? Sin2 ef _ ng)
A

= i (2.75)

2m (nf — ng)l/2
Equation (2.75) provides for V' number
_ 27h ni/2 _h

vV = . (nf —n?) "= —51(1{1? (2.76)

2.5 Goos — Hanchen shift

So far, we have considered the waveguiding in terms of plane waves characterized by their

propagation vector and their phase. We now include the analysis of energy flow using
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the notion of ray.” The orientation of a ray coincides with that of a Poynting vector,
S, associated with a wave bundle. A ray orientation can be understood as an axis of
the corresponding wave bundle. The propagation vector is characterized by the wave
phase velocity while the Pointing vector, S, is related to the group velocity. For a plane
wave in unbound isotropic medium, k and S are parallel with the same orientation. In
general, this is not true in anisotropic media and, in certain cases at the interfaces of
isotropic media. At total internal reflection at the interface of two dielectrics, k and the
mean value of (S) are perpendicular to each other and the reflected ray is shifted with
respect to the incident ray. The phenomenon is called the Goose — Hanchen shift. Here
we consider the Goose — Hanchen shift suffered by waveguide modes at the waveguide
interfaces characterized by a guide index N . Here N represent the solution either to the
eigenvalue equation (2.44a) for TE modes or that to the eigenvalue equation (2.44b) for
TM modes.

2.5.1 Nonmagnetic media

We consider incidence of a ray on the interface of dielectrics characterized by different
electric permittivities (¢; # e5) while their magnetic permeabilities are equal (p; =
ps = i) at the angles of incidence 0 exceeding the critical angle 6y > Q}C“t) where
- £ 5
egccrlt) fH _ n? and sk

. vac/vac E:Va,C lLl/ vac . . .
we replace a Gaussian wave bundle by a sum of two plane waves. The orientation of their

= arcsin (ns/ny) . Then = n?. For the sake of simplicity,
propagation vectors differs by a small angle (Figure 2.16). The angular difference affects

the longitudinal propagation constant 8 = (w/c)N and can be expressed as,
AB = “n; A(singy) = — AN (2.77)
c c

The interface is set to the plane z = 0. The electric field of the incident ray, E;, in the
plane x = 0 is given by a sum of electric wave fields of unit amplitudes with slightly
different propagation vectors with 5+ AfS and g — AfS

E; = exp[—j(B+AB)z]+exp[-j(6—AP) 4
= 2cos(AB z)exp (—jBz) (2.78)

The maximum of E; is situated at z = 0. The difference in angles of incidence will result
in different phase shifts at total internal reflection. For TE waves, we have, according to
Eq. (2.32a), pertinent to the interface between a film, f, and a substrate, s, a phase half
shift

(n? sin® 0 — n?) 12

(2.79)

(TE)
= arctan
o5 ngcos Oy

"Herwig Kogelnik, Theory of Dielectric Waveguides in Integrated Optics, Editor: Theodor Tamir,
Topics in Applied Physics, Vol. 7, Springer Verlag, Berlin, Heidelberg, New York, 1975, p.25.
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Equation (2.65) for gng) can be expressed either in terms of § or N

- w 2 _ 2\1/2
(15) (N2 = )2 (7) @2 —nd
¢y~ = arctan iz = arctan o 7
2 2
_(nf_N) (Z) (nf—NQ)
( WA 2 1/2
B (2) 2
= arctan w2—c
2
(5) mi-e

\

(2.80)
A development of qng) into a Taylor series up to the linear term gives
O (BAB) = o7 (B) £ { 5o <6>] AB
B
o (8) = A (o1 (8)] (2.81)

The electric field of the totally reflected ray in the interface plane x = 0, includes the
phase shift 2¢(TE (B £ AB) of the sum of two plane waves

B= e [0+ 412 (07 + 8017
+ exp |—j(B—AB)z+]2 (¢(TE) Acng)ﬂ
= exp |—] (ﬁz - 2¢(TE )]
{exp [ (Aﬁz 2A¢ TE))} +exp [j <Aﬁz _ 2A¢§P;E>ﬂ }
— 2exp [—J <ﬁz — 26 )} cos (Aﬁz _ 2A¢§§E)) (2.82)

The maximum of E, is situated at a distance 2T from the origin on the z axis and

remains in the plane x =0,

ABTD — 261" = 0 (2.83)

max

We define the distance ziay = 224" . From Eq. (2.83) it follows

Al d c d
(TE (TE) _ fs (TE) (TE)
Zmax) 2z A 3 ~ 2 ﬁ¢fs 2 ¢f3 (284)
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After som algebra

1/2
d (TE) d " N2 — ng
AT i P o
B 1 1 (nff—m)m 2N (n% — N?) + 2N (N? — n2)
- 2 __ 2\ o 2 _ .9 2
14 (N*—n%) 2 \ N2 —n? (n? _ N2)
(n} — N?)
nfc—N2 nfc N? VQN(n?—n?) nfc—N2 1/2 N
n (n%—ng) N? —n? (nfc—NQ)Z N2 —n2 (nQ—N2)
B N
(N2 —n2) (n2 — N?2)]"/?
. nf Sint
(N? —ng)l/an cos by
tand;
— m, (2.85)
where,
N
tanfy = —— (2.86)

(nfe — N2)1/2

The half distance between the incident and reflected rays, AT in Eq. (2.84) becomes,
with the help of Eq. (2.85),

(TE)
2(TE) c 49y,
B w dN

tan 6
= = ! (2.87)

(N2 . n2)1/2

S

c
An intersection of the axes of incident and reflected rays is found in the depth 2™ For

tand; we further have,

(TE)
tanf; = T (2.88)
Ts
i.e.,
AT = (T tang, (2.89)

The distance, 2™ between the intersection of the axis of incident ray with the z axis
and the intersection of the axis of reflected ray with the z axis is called Goose — Hanchen

for TE polarization.
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We get, after the elimination of 2\ and tan 6; using Egs. (2.87) and (2.88),

s W 172 W, 9 . o o\ 1/2
Z(N? = p? hdl 0, —
c ( ns) c (nf sin” 0y ns)
)\vac
= 2 (2.90)
27 (nfc sin” 0y — n2)

which represents the penetration depth into the substrate for TE waves (at the same
magnetic permeabilities in the film and in the substrate, pf = f15), according to Eq. (2.24).

The Goose — Hanchen shift at the interface between the film and the surrounding
(substrate) dielectrics of a lower index of refraction, evaluated as 2z;, and the wave
penetration into the surrounding dielectrics, z,, increase with a decreasing difference in

indices of refraction, ny — n,, as demonstrated in Figures 2.16 and 2.17.

2.5.2 Magnetic media

We consider incidence of a ray on the interface of dielectrics characterized by different elec-
tric permittivities (e; # €5 ) once more, now in a more general case where their magnetic

permeabilities are different (uy # ps) at the angles of incidence 6; exceeding the criti-

€f,uf — n?c and Esls — 712
—_— s

. .. . vacfHvac E”V&C/’l“Va,C
For the sake of simplicity, we replace a Gaussian wave bundle by a sum of two plane

cal angle 6; > QJ(ccrit) where O;Crit) = arcsin (ns/ny) for

waves. The orientation of their propagation vectors differs by a small angle (Figure 2.16).
As in Eq. (2.77), the angular difference will affect the longitudinal propagation constant
B = (w/c)N and will be expressed as,

AB = “ny A(sing;) = = AN (2.91)
c c
The interface is set to the plane x = 0. The electric field of the incident ray, F;, in the
plane z = 0 is given by a sum of electric wave fields of unit amplitudes with slightly
different propagation vectors with §+ AfS and g — AfS

Ei = exp[=j(B+Ap)z]+exp[—j (6 — AB) 7]
= 2cos (ABz)exp (—jBz) (2.92)

The maximum of F; is situated at z = 0. The difference in angles of incidence will result
in different phase shifts at total internal reflection. For TE waves, we have, according to
Eq. (2.32a), pertinent to the interface between a film, f, and a substrate, s, a half phase
shift

) 2\1/2
n%sin“ 0 — n
qﬁ(sz) = arctan &( ! s =)

2.93
[bs nycos (293)
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Equation (2.65) for gng) can be expressed either in terms of § or NV,

- w 2 _ 2\1/2
(TE) pp (N? — ”§>1/2 _ Hf (c) (N —ni)
¢y~ = arctan | = arctan M_ = ; 7
s (n2 — N s (_) — N2
s (n ) - (n} )
( 1/2

2 22 2
Ky b <c>n5

= arctan /_1/_ (,L)Q—
LT -
(2.94)
A development of qng) into a Taylor series up to the linear term gives
o5 (BEAB) = ¢f7(8)+ { T <6>] AB
B
o (8) = A (o1 (8)] (2.95)

The electric field of the totally reflected ray in the interface plane x = 0, includes the
phase shift 2¢(TE) (B £ AB) of the sum of two plane waves. It is of the same form as in
Eq. (2.82),

B = exp =i (B+A8) 2 +32 (6% + 20(”)]
rexp [ (8- a8 z+j2 (677 - A0f1”)]
= exp |- (82— 20017
x {exp [—j (Aﬁz 2A TE))} + exp [j (Aﬁz 2A6 TE’)} }
— 2exp [—j (52 — 26 )} cos (Aﬁz — 2A¢§EE)> . (2.96)

The maximum of F, is situated at a distance 2 from the origin on the z axis and

remains in the plane x =0,

ABz =206 = 0 (2.97)
We again define the distance zimy = 22{™ . From Eq. (2.97) it follows
A4 (TE) d
(TE) _ 9, (TE) _ ~ 02— ¢\TE) (TE) 2.98
“max Zs Aﬁ Bqﬁfs W dN¢fs ( )
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We employ 8 = N (w/c) and compute

1/2
d ¢(TE) = i arctan Hr —N2 — ng /
N dN ps \ n3 — N?
B 1 Lyg (n?—Nz)lﬂ 2N (n% — N?) 4 2N (N2 - n2)
= 2
|y P (VP —n?) 2y \NT— 2 (n2 — N?)
T (nf — N2)
1 N n} — ng
B N% N2 —n2 ppps ( N2)1/2 (N2 5)1/2
17 3
_ pss (nf —n3) N
p2 (nf — N2) + p (N? —n2) [(N2—n§)(nfc—]\f2)]1/2
_ fipps (n7 —n?) nssinf;
( N2)+u (N2 —n2) (N2—n§)1/2nfcosﬁf
_ rts (n? ) tan
o 2 2 2 1/2 (2.99)
i3 (nf = N?) + i (N2 = n3) (N? — n2)

The half distance between the incident and reflected rays, ngE) in Eq. (2.98) becomes,
with the help of Eq. (2.99),

L(TE) HyHs (n?‘ B ng) tan 0;
: p2 (nf — N2) 4 47 (N2 —n2) 2 (N2 — p2) '/

17 13
. )\V&c 1 (n?' - N2) + (N2 - ’I’L2) N
21 ppps NG —2]\72 N N? —nZ (N2 —p2)'/? (nfc _ N2)1/2
I 13
f s
. Avac (/n’?’ - N2) + (N2 - ng) N
o T () 4 0 (N ) (N2 ) ()
f s

(2.100a)
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The duality transforms 2™ o 2™

L) €rEs (n?” —n3)

8?(71?—]\/2)+6}(N2—n§)f(]\[2_n2)1/2
C S
)\vac 1 (ni_NQ)—i_(NQ_ng) taan
2T eges nfc—]\f2 N2 — 2 (Nz_ng)l/Z

tan

2 2
oy g2

)\vac 1 (n?—N2)+(N2—TL§)

N
2T eges nfc—N2 N? —n? (NQ—nZ)l/z (n2 _N2)1/2
€2 g2 ’ !
f s
>\vac (n3‘ - N2) + <N2 - ng) N
2m i—f (n? — N?) + ‘Z—f (N? = n?) (N2 —n2)"/? (n2 — N2)'/2

(2.100b)

In the special case where the magnetic permeability in the film is the same as in the
substrate,® i.e.,

where f1y = 1, , we can take £; = njeya. and e, = nley,. to arrive at,

LTM) njn3 (nj —n3)
()

5 tan 0y
i (= N2) 4 (N2 = n) = (2 — )2
1
_ )\vac nz n?‘ tanef
1/2
2Wi_i_N2<i_i)(N2 ng)/
n%  n2 nt n?
f s f s

1 1
AVaC n? n?
2ﬂN2 11 Lo (1 1 (N2 — p2)'/?

Avac 1

(2.101)
The axes of the incident and reflected beams intersect in the substrate at the depth, :chE)
Alternatively, tan 6y can also be expressed as
,(TE)

8Herwig Kogelnik, Theory of Dielectric Waveguides in Integrated Optics, Editor: Theodor Tamir,
Topics in Applied Physics, Vol. 7, Springer Verlag, Berlin, Heidelberg, New York, 1975, p. 27.
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ie.,

AT = (T tang, (2.103)

s

As before, the distance, 2z§TE) , spanned by the point of intersection between the incident

ray axis and the z axis and the point of intersection between the reflected ray axis and
the z axis represents the Goose — Hanchen shift for TE waves. Note that the z axis is
restricted to the interface plane between the film and the substrate. The configuration is
shown in Figure 2.16. The elimination of z{"™ and tan 6; using Eqs. (2.100) and (2.102)

. . (TE)
provides a more general expression for s |

L) _ Awe 1 (0§ = N?) 4 (N2 —nd) 1
s 27 gl n?—N2+N2_n§ (N2 — n2)'/2
2

H 13

(2.104a)

The expression for the penetration depth, 2™ , for TM waves follows from the duality

transformation,

(T™) Aac 1 (0§ — N?) 4+ (N? —n2) 1
X =
2m epey my — N? +N2—n§ (N2—n2)1/2

S
S

2
€f 9

S

(2.104b)

2.6 Effective guide thickness

2.6.1 TE polarization

The modification of Egs. (2.90) or (2.104a) to the case of the film — cover interface

provides,

1 1

B = = (2.105)

x .
W9 .2 n1/2 W 9 o 1/2

— 0 — —(NV* —

. (nf sin” 0 nc) . ( nc)
We define effective guide thickness for TE waves, shown in Figures 2.18 and 2.19, as
the sum of the physical film thickness, h, and both the penetration depths (restricted to
TE waves in waveguides with p1; = pus = p. ) given in Eqs. (2.104a) and (2.105),
WEP = b 2T 4 (TR (2.106)

C

The Goos—Héanchen shifts on the upper and lower interface between the film and the sur-

rounding media of lower indices of refraction, z. and z,, and the penetration depths
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into the upper (cover) and lower (substrate) media, x. and x, increase with decreasing
the difference between the index of refraction and that in the upper or lower medium. For

TE waveguide modes, the effective guide index, N = nssinf; given Eq. (2.42) and em-
ployed in the expressions for 2™ and z{™ (z((;TE) and 2™ ) follows from the solution

to Eq. (2.44a). We have

gTE) Z(TE)

z

Normalized effective guide thickness for TE waves is defined as

H(TD %th’ (n% —n2)"? (2.108)

which should be compared with the definition of the V' number in Eq. (2.66a)

Vo= Zh(n2-n2)"? (2.109)
C
Then
TE (TE)
H;) = h% (2.110)

The substitution into Eq. (2.106) with the help of Egs. (2.90) and (2.105) and with the
account of Eq. (2.108) provides

h H
e Woa o 2\1/2
c (nf —n3)
1
= h+ EypE— + e (2.111)
c s c ¢
and for ™) we get,
1/2 1/2
e _ Yy (n% — n2)1/2 n (n} —nd) (n} —n3) (2.112)
¢ YT e (v — )
With help of Egs. (2.66), it follows,
HTE = Vb V24 (b4a)? (2.113)

where b represents the solution to Eq. (2.68).

9For TM waveguide modes, the effective guide index, N = n rsinfy given Eq. (2.42) follow from the
solution to Eq. (2.44b).
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2.6.2 TM polarization

The modification of Eq. (2.104b) to the case of the film — cover interface provides

(™) Aae 1 (07— N?)+ (N? —nl) 1
€T ==
2T €fe, nfc—N2 N? —p? (NQ—nz)1/2

[

£} g2
(2.114)

The effective guide thickness is given by the sum of the physical film thickness, h, and
the both penetration depths given by Eqs. (2.104b) and (2.114)

RN = b4 (T g (TM) (2.115)

[

The normalized effective guide thickness for TM waves deduced in a similar way as in

Eq. (2.108) is given by the expression,

HM %th) (n% —n2)"? (2.116)
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Figure 2.9: Graphical solution to the eigenvalue equation in a symmetric waveguide for mode
orders v > 0 at the wavelength Aysc = 1.55 um . The planar film characterized by the thickness,
h1, and the index of refraction, n; = 2.0, is sandwiched between the same media characterized
by the index of refraction, no = 1.5. For the thickness range h; < 0.587 yum, the waveguide is
monomode, it carries the fundamental mode v = 0, only. An extension of the thickness range
to h1 < 1.168 um , enables propagation of both the fundamental mode, v = 0 and the mode of
the order v = 1. A further extension to h; < 1.76 pm , allows the propagation of modes of the
order v=0,v =1, and v = 2. The modes of the order v > 2 are forbidden.
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Figure 2.10: Graphical solution to the eigenvalue equation, 27whnscos0¢/Avac = e + O¢s,
for the fundamental (¥ = 0) TE and TM modes in an asymmetric waveguide at the vacuum
wavelength Ay,e = 1060nm. The waveguide consists of a planar layer (ZnS) of the index of
refraction ny = 2.2899 and of the thickness, h, sandwiched between the cover (air) of the
index of refraction, n, = 1.0, and a substrate (glass) of the index of refraction ngs = 1.5040.
The waveguide allows the propagation of the guided TE and TM modes above the cut-off
thickness, h = 56 nm and h = 126 nm, respectively. After P. K. Tien, Integrated optics and new
wave phenomena in optical waveguides, Review of Modern Physics, vol. 49, pp. 361-420, April
1977.
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47

3T

. h = 670nm

2

Figure 2.11: Graphical solution to the eigenvalue equation for the TE and TM modes,
v = 0,1,2,3, in an asymmetric waveguide at the vacuum wavelength Aysc = 1060nm.
The waveguide consists of a planar layer (ZnS) of the index of refraction ny = 2.2899 and
of the thickness, h, sandwiched between the cover (air) of the index of refraction, n. = 1.0,
and a substrate (glass) of the index of refraction ny = 1.5040 for several film thicknesses, h .
The vertical line indicates the TE solution for v =1 at 6y = 65°. See Tables 2.1 and 2.2.
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Figure 2.12: Graphical solution to the eigenvalue equation for the TE and TM modes,
v = 1,2,3,4, in an asymmetric waveguide at the vacuum wavelength Ayse = 1060nm.

The waveguide consists of a planar layer (ZnS) of the index of refraction ny = 2.2899 and

of the thickness, h, sandwiched between the cover (air) of the index of refraction, n. = 1.0, and
a substrate (glass) of the index of refraction ng = 1.5040. See Tables 2.1 and 2.2.
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Figure 2.13: Graphical solution to the eigenvalue equation, for the TE and TM modes, v =
0,1, 2, 3, in an asymmetric waveguide at Ayae = 1060nm. The waveguide consists of a film
of the index of refraction ny = 2.2899 and of the thickness, h = 1500 nm , sandwiched between
a cover (n. = 1.0), and a substrate (ns = 1.5040). The guided TE and TM modes of the
order v = 0 propagate with HECTE) = 82.1° and G;TM) = 81.4°, those of the order v = 1 with
9™ — 74.1° and Q;TM) = 72.8°, those of the order v = 2 with Q;T ) — 65.7° and H(TM) = 63.7°

f
and those of the order v = 3 with HSCTE) = 56.9° and 9§CTM) = 54, 2°, respectively.



2.6. EFFECTIVE GUIDE THICKNESS 49

900° ‘ om

R A L ]

7200 | | 1 l ‘ | | 1 Il 471'

540°

360° | | : 2m

[ ™ ™
e

- |
]
1800 IHIII\HI\\\IIIHlII\HHH‘HHH\H”\HH\lIHIIHIH\HHH‘\HH\H [EEEEEEN] 7T

0° 30° 60° 90°
Of

Figure 2.14: Graphical solution to the eigenvalue equation in an asymmetric waveguide at
Avac = 1060nm . The waveguide consists of a film (ny = 2.2899) of the thickness, h = 1500nm,
sandwiched between a cover (n. = 1.0), and a substrate (ns = 1.5040 ). The guided TE and TM

modes of the order v = 1 propagate with G;TE) =T74,1° and G;TM) = 72,8°, those of the order
v = 2 with G}TE) = 65,7° and HSCTM) = 63,7°, those of the order v = 3 with H;TE) = 56,9°
and H;TM) = 54,2° and those of the order v = 4 with H;TE) = 47,7° and 0§TM) = 44, 3°,

respectively. See Tables 2.1 and 2.2.
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Figure 2.15: Profile of index of refraction, n , in a waveguide with suppressed modal dispersion,

n= {n? + 2nsAn [cosh (

2h

Zs

_9y) 1/2
i)} } . Here ng = 1.5 and An =0.1.

nf =22

Figure 2.16: Goose — Hianchen shift for TE waves at the film - substrate interface at the vacuum
wavelength 1550 nm and at the angle of incidence, 8y = 65°. After Herwig Kogelnik, Theory of
Dielectric Waveguides in Integrated Optics, Editor: Theodor Tamir, Topics in Applied Physics,
Vol. 7, Springer Verlag, Berlin, Heidelberg, New York, 1975, p. 26.
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Figure 2.17: Goose — Héanchen shift for TE waves at the interface between the film and the
cover (air) at the vacuum wavelength Ayac = 1550nm and at an angle of incidence 6y = 65°.
After Herwig Kogelnik, Theory of Dielectric Waveguides in Integrated Optics, Editor: Theodor
Tamir, Topics in Applied Physics, Vol. 7, Springer Verlag, Berlin, Heidelberg, New York, 1975,
p- 27.
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Figure 2.18: Effective guide thickness for the order v = 1 at the vacuum wavelength Ayac =

1550nm for TE waves at an internal angle of incidence, fy = 65°. The waveguide consists

of a planar film (BiYIG - bismuth substituted yttrium iron garnet) of the index of refraction,

ng = 2.2 and of the thickness h = 800nm sandwiched between the cover (air) of the index

of refraction, n. = 1.0 and the substrate (GGG - gadolinium gallium garnet) of the index of

refraction ng = 1.9.

T, = 143nm and x; = 408 nm , respectively.

The penetration depths into the cover and into the substrate become
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Figure 2.19: Effective guide thickness for the order v = 1 at the vacuum wavelength Ayac =

1060nm for TE waves at an internal angle of incidence, 0y = 65°. The waveguide consists of
a planar film (ZnS) of the index of refraction, ny = 2.2899 and of the thickness h = 906 nm

sandwiched between the cover (air) of the index of refraction, n. = 1.0 and the substrate (glass)

of the index of refraction ng = 1.5040. The penetration depths into the cover and into the

substrate become z. = 93nm and xs; = 118 nm, respectively. The graphical solution to the

eigenvalue equation in Figure 2.11 was employed. After Herwig Kogelnik, Theory of Dielectric

Waveguides in Integrated Optics, Editor: Theodor Tamir, Topics in Applied Physics, Vol. 7,

Springer Verlag, Berlin, Heidelberg, New York, 1975.



Chapter 3
Maxwell equations

In a vacuum with a zero charge density, p = 0, and a zero current density, J = 0, the

electric and magnetic flux density vectors, E and B, are related by Maxwell equations,*

0B
E+—_— = 3
V x E+ 5 0, (3.1a)
1 0FE
B-—-2" = 0. 1
V x 2 0 (3.1b)

In a medium with a non zero charge density, p # 0, and a non zero current density,

J # 0, the Maxwell equations become
0B

E+— =0 3.2

V x E+ 5 (3.2a)
E

V x B — Nvacgvacaa_t = ,uvac'] (32b)

)_1/ ® The charge conservation

where the vacuum phase velocity is given by ¢ = (fivacEvac
(continuity equation) requiring

do
V-J+E = 0 (3.3)

leads to the expressions for V- E and V - B. Consider the identities
V- (VxE) = 0
V- (VxB) =0

Their use in Egs. (3.2a) leads to

% (V-B) = 0 (3.4)

'R. Wangsness, Electromagnetic Fields, 2nd Edition, John Wiley & Sons, 1986, Chapter 21.

V- (VxE)+

o4
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The time independent could not be generated in the infinite past. It is therefore reasonable

to assume
V-B =0 (3.5)
From the second Maxwell equation, Eq. (3.2b)

V- (VxB)-— umem% (V-E) = fiac(V-J) (3.6)

From this

2(V-E— Q) =0 (3.7)

ot Evac
The result is the scalar Maxwell equation representing the Coulomb law of electrostatics,

V- E = 2 (3.8)

€ vac

We decompose the total charge density, o, to a free charge density component, o¢,

and to a bound charge density component, g, = =V - P,

0 = o5t (3.9)

The total current density can be expressed as a multipole development. With the restric-

tion to first terms,

oP
J = va+W+V><M+... (310)
After the substitution into the Maxwell equation,
1 0FE oP
B——— = [y v —— vac M 3.11
V x = 5 Pivac 0 O+ Hvac =+ pvac (V X M) + (3.11)

With the restriction to first few terms,

Hob IV % (B~ puacM)] = 050+ o (e + P) (3.12)
We define the magnetic field vector, H ,
H = 51 (B — M), (3.13)
the electric induction vector, D,
D = ¢, E+P (3.14)

and the free charge density vector, J¢,

Jf = 057 (315)
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Consequently,

oD
H = J —
V x 7t 9

_ . 0P OE

AT T gy Ty
OF

= Jf+Jb+€VaC_

ot
OF
= = 1
T+ v, (3.16)

P
where J;, = wn represents bound charge current density.
From the continuity equation, Eq. (3.3)
do

V'JJFE =0 (3.17)

oP 8Qf 8Qb .
V'(Qf@‘i‘ﬁ)ﬁ—ﬁ‘i‘a =0 (318)
oP 0

V- (Qf’U + E) + 5\,3(3& (V . E) = 0 (319)

V- (o0) + o [V (Bt P) = 0 (3.20)
(3.21)

where g, denotes the bound charge density. We assume that free charges are conserved

and bound charges are conserved independent of each other, i.e.,

8gf
. = .22
Vgt 0 (3.22)
8@1,
. =2 2
Vedyt - 0 (3.23)

0
The substitution into Eq. (3.17) according to V- J; =V - (¢v) = —% provides,

8 . (9Qf
a [v ’ (gvacE + P)] T ot (324)

From this it follows,

V-D = Of (325)

The use of the charge conservation law, Eq. (3.3) in the Maxwell equations, Eqs. (3.2) in

the media characterized by the volume density of free charges, gy (r), the volume density
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of free charge currents, J;(r) and by the volume densities of electric and magnetic

dipoles, P (r), and M (r), respectively, results in the Maxwell equations,

VxE = —%—Jf (3.26a)
VxH = Jﬁ%? (3.26b)
V-D = g (3.26¢)
V-B = 0 (3.26d)

For our purpose, it will be sufficient to characterize the presence of material medium by
distributions of electric and magnetic dipoles, P(r, t) and M (r, t), respectively. With-
out the restriction generality, we can assume harmonic time, ¢, dependence of the fields
characterized by the angular frequency, w. A more complicated time dependence can
always be characterized as a Fourier sum of monochromatic components. By conven-
tion, the harmonic time dependence will be from now characterized by a complex factor,

exp(jwt) . Maxwell equations, Egs. (3.26) can be transformed into the following form

VX Ew) = —jwB(w) (3.27a)
VxHw) = Jfw)+jwDw) (3.27b)
V.DW) = o5w) (3.27¢)
V- -Bw) = 0 (3.27d)

where the medium linearity is included in the material equations,

(3.28)

Here e(w) = €yacke(w) denotes the medium electric permittivity (k.(w) denotes the rela-
tive electric permittivity), p(w) = fivackm(w) denotes the medium magnetic permeability
(km(w) denotes the relative magnetic permeability) and o(w) denotes the medium free
charge conductivity. Our focus is on linear isotropic in general non homogeneous media
where e(r,w), pu(r,w) and o(r,w) are scalar functions of the position r at the fre-
quency, w

In the following, we shall restrict ourselves to electrically neutral non conducting

media, oy =0 and 0 = 0. The Maxwell equations simplify to

VxE = —jwuH (3.29a)
VxH = jweE (3.29b)
V-(eE) = 0 (3.29¢)
V-(uH) = 0 (3.29d)
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The last two equations, Egs. (3.29¢) and (3.29d) are the consequence of the first two
equations, Eqgs. (3.29a) and (3.29b). It is sufficient to take the divergence of Egs. (3.29a)
and (3.29b) and employ the identities, V- (VX E) =0 and V- (V x H) = 0. The
time derivatives of the field divergences of D and B permanently vanish provided the
divergence vanish, i.e. V- D =0 and V- B =0.

The symmetry of the Maxwell equations, Eqs. (3.29), enable the construction of new
solutions thanks to the duality principle. The duality transformation leaves the Maxwell

equations, Egs. (3.29), invariant. It is expressed by the relations,

E — +H, (3.30a)
H — FE, (3.30b)
e = u, (3.30¢)
oo e, (3.30d)

3.1 Boundary conditions

Maxwell equations do not provide unique solution of the electromagnetic field. From
an infinite number of their solutions, we must select those which are consistent with
the boundary conditions pertinent to a problem in question. In nonuniform structures
without surfaces of discontinuity, the only boundary condition usually requires finite fields
and their vanishing in infinitely remote regions. The fields vanishing in the infinity includes
the case of guided modes. The fields of guided modes are localized mostly in optical
structures. In near adjacent regions, the fields are manifested themselves as evanescent
waves. No energy is lost by radiation.

We now focus on the boundary conditions at surfaces of the discontinuity in electro-

magnetic material parameters, € and p. The problem geometry is shown in Figure 3.1.

N

1 2

€2, M2

\
€1, M1 surface of discontinuity

Figure 3.1: An abrupt change in ¢ and p along the normal to the interface plane between

media 1 and 2.
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The time dependent fields, E and B, are interdependent as opposite to the time inde-
pendent fields where E and B are mutually independent. We start from the Maxwell

equation in integral form,?

j[E -ds = —jw/,uH -da (3.31a)

c s
ja{H -ds = jw/eE -da (3.31b)
c S

Here C' represents a closed curve bounding a two-sided surface S'. A vector of an oriented
elementary displacement along C' is denote as ds. As expected, both the vector integral
Maxwell equations are mutually related by the duality transformation. It is therefore
sufficient to consider one of them.

Let us consider a small region at the interface stretched into both media. The elemen-
tary interface surface can be taken as planar specified by a unit normal, n , conventionally
oriented from the medium characterized by €; and p; to the medium characterized by e

and po as in Figure 3.2.

n

Figure 3.2: The interface unit normal at a surface of discontinuity is oriented from the medium

1 into the medium 2. A transition layer of the thickness h is stretched into both media.

In the elementary interface region, both the media can be taken as homogeneous ones.
We draw a rectangular loop bounding the elementary interface region.

Its longer opposite sides of the length, As, parallel to the interface plane, are situated
either in the medium 1 or in the medium 2. The shorter sides of the length, h, traverse
the interface plane. The loop is situated in a plane perpendicular to the interface plane
and specified by a unit normal, n'. Consequently, n’ is parallel to the interface plane.
The orientation of i/ defines the circulation sense of ds around C'. The orientation of
integration path on the longer rectangle side in the medium 2 is given by a unit vector,

t, = t and the orientation of integration path on the longer rectangle side in the medium

2R. Wangsness, Electromagnetic Fields, 2nd Edition, John Wiley & Sons, 1986, Chapter 9.
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1 is given by a unit vector, t; = —t, consistent with the orientation of 7’ . The geometry

is explained in Figure 3.3.

A As
n
to
2
/ h
1 t n'
t ¢

Figure 3.3: The interface unit vector normal, 7, the tangent unit vectors, t=1ty = —fl, and

the unit vector normal, 7’ = . x £, to the integration loop, C', employed in the derivation of

the boundary conditions for tangent components of E or H .

From Eq. (3.31b) we get
fHdS = Hg't2A8+H1't1AS+W
c

= HQtAS—HltAS+W

jw/sE-da = jwhAsceFE
S

The field and its time derivative are everywhere finite. Consequently, in the limit h — 0,
the surface integral on the right hand side of Eq. (3.31b) vanishes. The contribution, W,

of the shorter rectangle sides to the integral around C', proportional to h, is zero. Then,

H2't2A$+H1't1AS = 0

(Hy—H;)-t = 0
From this, we get for the field components tangent to the interface,
H, = Hy (3.32a)
The use of the duality provides,
E, = Ey (3.32b)

shown above, Egs. (3.29¢) and (3.29d) follow from Egs. (3.29b) and (3.29a) and for the

time varying fields need not be considered.
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3.2 Wave equations in nonuniform media

The wave localization requires structures with non homogeneous electromagnetic material
parameters 1 and €. The parameters, p and €, may vary either continuously or abruptly,
e.g., at interfaces between homogeneous media. We will investigate wave equation in
linear, isotropic, non homogeneous media, where magnetic permeability, © = p (), and
electric permittivity, € = ¢ (r) are functions of the position vector, . We are interested
in solutions harmonic in time expressed in the phasor (complex vector) representation
accounted for by the factor exp (jwt). We shall start from the Maxwell equations in
Egs. (3.29). We apply the curl operation to Eq. (3.29a) divided by p (r) and multiply
Eq. (3.29b) by jw,

Vx [ (VX E)] = —jw(VxH) (3.33a)

jw(VxH) = —e’E (3.33b)
We eliminate jw (V x H) and multiply by p to arrive at the wave equation for E |
puV x [ (VX E)] = pew’E. (3.34a)
The duality provides the corresponding wave equation for pro H ,
eVx e (Vx H)] = pew’H (3.34b)
We employ the identity,

pV x [p (VX E)] = pV (") x (VX E)+[Vx(VxE)
= uwV(p ) x(VxE)+[V(V-E)- (V’E)]
(3.35)

and transform the wave equation into the form
V(V-E)— (V’E) +uV (1) x (VX E) = pew’E (3.36)

Equation (3.27c¢) in the absence of free charges gives, V- D = p; = 0. However in
general, in non homogeneous electrically neutral media, the condition V - E = 0 is not
valid. Indeed,

V:D = V:[ge(r)E|] = [Ve(r)]-E+ec(r)(V-E) =0 (3.37)

We find that V- E # 0, i.e.,
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The ratio can be expressed as % =V (lne),
V-E = —[V(lne)]-E (3.38)
The expression, 4V (u~!), in Eq. (3.36) may be alternatively written as,
pv (p™t) = —MN—VM = —— = =V(ny) (3.39)

By making use of Egs. (3.37) trough (3.39) and after substituting into Eq. (3.36) we

get the wave equation for FE in the final form,

V2E + jsw*E +V[(VIne) - E]+ (Vinp) x (Vx E) = 0
(3.40a)

The duality expressed in Eq. (3.30), i.e., E — H , 1 <> ¢ applied to Eq. (3.40a) provides

the corresponding wave equation for H |

V2H + pew’H +V|[(VIinp) - H + (Vine) x (Vx H) = 0
(3.40b)

In homogeneous media, where ;1 and £ are independent of the position vector, r, with
Vi =0 and Ve = 0, the wave equations, Egs. (3.40) simplify to,

V2E + psw’E = 0 (3.41a)
V*H + pew’H = 0 (3.41Db)

If only the condition Vi = 0 is met, e.g., in non homogeneous non magnetic media, the

situation is characterized by,
V2E + usw*E +V[(Vlne)-E] = 0 (3.42)

We next look for the circumstances where the term V [(Vine) - E] in Eq. (3.42) is

negligible with respect the dominating terms,?

V[(VIne)-E] = 0. (3.43)

The term is identically zero in the special case where the wave polarization of electric
field, E, is perpendicular to the gradient of permittivity, Ve. In the limiting case of

homogeneous media, Ve = 0 and the wave equation reduces to Eq. (3.41a)

V2E + usw*E = 0 (3.44)

3D. Marcuse, Light Transmission Optics, Van Nostrand Reinhold Company, New York 1972.
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where the solution for plane time harmonic, i.e., monochromatic, waves assumes the form
E = Ejexplj(wt—Fk-7)] (3.45)

with the angular frequency, w, and the propagation vector, k. In the medium character-

ized by € and p, it follows,
E*E — p(w)e(w)w?’E = 0 (3.46)

The propagation constant k = |k| can be expressed in terms of the vacuum wavelength,

Avac , Using the relation c?ue = n?,

9\ 2
k* = puew? = (n)\ﬁ> (3.47)

The first two dominating terms in Eq. (3.42) are of the order |k*E|. Let us evaluate the
third term in Eq. (3.42), i.e.,, V[(VIne) - E], taken as a perturbation. Let us suppose
that (ViIne) - E varies the most strongly in the direction of a unit vector, §, on the

0 0 .
a[(%IHE)SE:H

0 0 o (0

0

The first term in Eq. (3.48) is of the order |k'E| = ’a—E’ , the second term is of the order
$

|k°E| = |E|. We restrict ourselves to the case where the second term is negligible with

g (0
> |E| ‘% (alns)

and compare the first term with the dominating terms of the order |k?E| in Eq. (3.42)

s coordinate axis,

V[(Vine)- Bl ~

(3.48)

~Y

respect to the first one,

, (3.49)

0 0
%E‘ ‘%lne

0 0 10e 10e
—FE| |1 E| |-+ -
Os ‘ s ' ° k| €0s €0s

2B L |kl

€0s

the material medium, 0s ~ A

10
We evaluate '——6‘ as a relative change of € on a one wavelength path, A = 27/k, inside

10
€0s
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This is a relative change of € on the one wavelength path multiplied by A=!. Here
k = 2n/A. The perturbation term

10e 1 1
g% ilf‘:(S‘l‘§>\>—t'-:<5—§>\>
k| 7 2m | £ (s) ’

is negligible at the condition,

1
8(5—1——)\) —e(s—l)\)
1 2 2
— < 1 (3.50)

27 e(s)

Then it is allowed to remove the perturbation term but in the wave equation £ must be

taken as dependent on 7, i.e.,
V2E + pe(r,w)E = 0 (3.51)

The case of sharp € changes on the one A path, e.g., at the interfaces of two homogeneous
media is adequately treated by using the boundary conditions for E and H according
to Eqgs. (3.32) which express the continuity of the E and H components parallel to the
interface or, in other words, the continuity of E and H components perpendicular to
Ve.

3.3 Waves in media uniform along an axis

We look for monochromatic plane wave solutions to Maxwell equations in media where
¢ and pu do not change along an axis. We fix the axis to the z axis and denote [ the
component of the propagation vector parallel to the z axis. The material parameters,

and p are therefore independent of z, i.e.,

e=c(z,y), = p(x,y) (3.52)
We substitute the solution in the form

E = E)(r,y)exp[j(wt—2z)] (3.53a)
H = Hy(ny)espli(wt—52) (353)

into the Maxwell equations split into the Cartesian components. From the equation

VxE = —jwuH
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we get after expressing the derivative of time, ¢, and of the z coordinate,

oS = e, SE BB, = —juu, (3.542)
O O L jH,, 0B~ 0% = e, (3.54b)
S-S = et SO (3.540)
From the equation
VxH = jweE
we have
852 _% = jwekE,, 852 +jBH, = jweE, (3.54d)
aazz - aﬁliz = jweE,, —jBH,— % = jweE), (3.54e)
% — aah;x = jweE,, % — 352 = jwekE, (3.54f)

Among them, we select those four which express transverse field components, i.e., E,,

E,, H, and H, in terms of derivative of £, a H, with respect to x a y,

oE, . :

ay +,]5Ey = _,]W,U/Hr (355&)

: oL, :

iBE, + 5w jwpH, (3.55b)

0H, . :

Dy +jBH, = jweE, (3.55¢)
O0H, :

iBH, + 9w —jweE, (3.55d)

We select a group containing £, and H,

OF,

ibE, —jwpH, = — e (3.56a)
OH,
—jweE, +jBH, = - (3.56b)
dy
and another group containing F, and H,
: . oL,
BE, +jwpH, = - oy (3.56¢)
0H,
iBH, + jweE, = — 5 (3.56d)
x

The set of four equation is summarized in Table 3.1. The 4 x 4 determinant of the
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Table 3.1: Summary of transverse field components

E. | H, | E, | H,
. . OF,
B —jwp | 0 0 | = o
0H,
—jwe | jB 0 0 ||—
y
. . OF,
0 0 B | Jwp || — 5
Y
H,
0 0 jwe | jp —8
ox

equation set can be split into two non zero identical 2 x 2 determinants,

B —jwu B jwp
= = wlep— B (3.57)
—jwe P jwe Jp
where 3 denotes the longitudinal propagation constant. In homogeneous media, k? =
wlep = (2r/ /\)2 , represents the square of the propagation vector. There are two cases to
be considered,

wiep — B 0 (3.58a)
wlp—p < 0 (3.58b)

v

The square root of the expression in Eq. (3.58a) represents the propagation vector com-

ponent perpendicular to the z axis. We shall call it transverse propagation constant
k= (wep— ﬁ2)1/2 (3.59a)

The square root in Eq. (3.58b) is imaginary pure. The transverse attenuation constant

will be defined by,

1/2

v = (B°—wep) (3.59b)
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3.3.1 Transverse fields

67

From the set of four equations, Eqgs. (3.56) we compute as unknown the field components

E,,E,, H,, and H,

oE, .
- —jw
X o JWi
e = wep — [
oH, . 5
oy )
j oL, H,
E, = —
wlep — 2 (B Ox o 0 )
The duality of Eq. (3.30) provides H,,
j 0H, OF,
H, = — =
w2ep — (2 (ﬁ or  “° dy
Further,
: L,
B
1 x
Hy = — 2
w?ep — B . O,
dy
j OH, OF,
H = —
Y wiep — 2 <ﬁ dy e ox
and the duality of Eq. (3.30) provides E, ,
j OE, OH,
E, = — -
Y w2ep — (2 (ﬁ dy “Hor
In summary, we get for £, , E,, H,, and H,,
j oF, 0H,
E, = -
w2ep — (52 <ﬂ ox T dy
j 0H, oL,
H, = — J o4 + we

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

(3.664)
(3.66b)
(3.66¢)

(3.66d)
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For the condition expressed in Eq.

CHAPTER 3. MAXWELL EQUATIONS

(3.59a), we obtain harmonic solutions,

_i 58EZ n 0H,
K2 or dy
i [ OH. OF,
K2 (ﬂ dy e Ox )
o B@Ez . 0H,
K2 oy arr
s BaHZ B wsaEZ
K2 ox dy

Evanescent solutions result from the condition expressed by Eq. (3.59b),

j OE, OH,
()

~?2 ox dy
i [ 0H.  OE.
7 <6 gy “ow >
i [ OE. OH,
7 <5 oy M oa )
i [ 0H.  OE.
72 (6 ar oy )

3.3.2 Alternative derivation of transverse fields

The operator V employed in the Maxwell equations

VxE = —jwuH ,
VxH = jweFE,

can be split into a transverse and a longitudinal parts.*

.0
VvV = Vt—FZ&

(3.67a)
(3.67b)
(3.67¢)

(3.67d)

(3.682)
(3.68b)
(3.68¢)

(3.68d)

(3.70)

Also the field vectors, E and H can be split into a transverse and a longitudinal parts,

ie.,

.0
(Vt—i-Z@) X

E = E,+zE,

H = H,+zH,

<vt+2%> x (H,+ 2H,) = jwe(E,+2E.) .

(3.71)

4Jin Au Kong, Electromagnetic Wave Theory, EMW Publishing, Cambridge, Massachusetts, USA

2000, p. 439.
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This can be rearranged,

0

Vt X ﬁEZ + 2z x a_Et = _JW/,LHt (372&)
z
0

Vt X ZAIHZ + 2z x a—Ht = j(.UEEt (372b)
z

Vt X Et = —_](A),LL.éHZ (372C)

Vix H, = jwezE, (3.72d)

The use has been made of the identities,

2 X (2 X Et) - —Et (373)
and
z2x (VyxzE,) = —z2x(2xV,E,)=VE, (3.74)
. . .0 0
In the Cartesian coordinates, we have V, = € — + y—,
ox oy
z2x(VixzE,) = 2zZX ﬁ:xégE + 2 X AxégE
t z - aill' z Yy ay z
= zX <—g)(%Ez) +2Z X (a?;(%Ez)
0 0
= A_Ez A_Ez
m@x + y(?y
= Vth
We multiply Eq. (3.72a) by jwe. Then we take the derivative, 83’ of Eq. (3.72b) and
z
multiply the result by 2x,
. . : .0 2
jwe (Vi x 2E,) +jwe | 2 X &Et = wueH, (3.75a)
Z X szAEH + 2z % 2><a—2H = jwe 2><2E (3.75b)
! 0z~ 920t) T 0z ! '

.0
We eliminate the underlined expression, jwe (z X (9_Et) ,
z

0 0?
jwe (Vi x 2E,) + 2 X (Vt X ﬁ—HZ> + 22X (z X —Ht) = WwueH,

0z 022
(3.76)
Next, we make use of Egs. (3.73) and (3.74),
, X 0 0? )
jwe (Vy x 2E,) +V,—H, H, = w’usH, (3.77)

022

0z
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2
and of the relation, 8_ = /2
022
1 0 . .
Hi = G |geth +hos (Vex 28| -

The duality transformation provides the result summarized as,

1 oF, . .
Et = m [Vt (E) — Jwe (Vt X ZHZ>:| (3793)

1 ) . .
1 ) . .
H, = e — %) [=iB (ViH:) + jwe (Ve x 2E,)] (3.80b)

3.4 Waves in planarly layered media

Planar structures may be defined as structures homogeneous along two Cartesian axes.
So far, we have considered the structures varying along two Cartesian axes, z and vy,
characterized by the parameters, ¢ = ¢ (z,y) and p = p(z,y) and independent on the
z coordinate. In planar structures, these parameters vary along a single axis, identified
here with the x axis. We therefore set ¢ = ¢ (x) and p = p(zx). We will show that
under these circumstances that the vector wave equations, Eqs. (3.34), split into two
independent pairs.> Any solution to the vector wave equations in planar isotropic media
can be expressed as a linear combination of the solutions to scalar wave equations for
transverse electric (TE) and transverse magnetic (TM) waves.

3.4.1 Scalar wave equation

To derive the scalar wave equation, we start Eqgs. (3.34)

uV x [,u_l (V x E)] —puew’E = 0, (3.81a)

eV x [e7"(Vx H)| —pew’H = 0, (3.81b)

5Weng Cho Chew, Waves and Fields in Inhomogeneous Media, IEEE Press Series on Electromagnetic
Waves, 1995, p. 45
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and assume E and H linearly polarized. We set the axis of non homogeneity into the
x axis of a Cartesian coordinate system, i.e., ¢ = ¢ (z) and p = p(x). With an appro-
priate rotation transformation, we set the electric field corresponding to the solution of
Eq. (3.81a) for TE waves parallel to y axis, E = yk£,. With a similar procedure, we
set the magnetic field corresponding to the solution of Eq. (3.81b) for TM waves oriented
parallel to y axis.

From Egs. (3.29¢) and (3.29d)

V-(¢E) = V-[(2)yE,] =0, (3.82a)

V-(pH) = V-|u(x)yH,] =0, (3.82b)

it is obvious that the derivatives 0E /0y = yoE,/0y in Eq. (3.81a) and the derivatives
0H /0y = yOH,/Jy in Eq. (3.81b) are zero,

OE,
oH,
5 =0 (3.83D)

We take into account,

T Yy =z
o o0 0
E = yE,)=| — — —
VX V< (9E)) or 0Oy 0z
0 E, O
(3.84a)
and,
T Yy =z
o o0 0
H - AH = —_— R — JE—
VX V< (yHy) or Oy 0z
0 H, 0
(3.84b)
The developments of the first terms in Egs. (3.81) provide,
w(@) [V ()] x (Vx E)+V x (Vx E) —p(z)e(z)w’E = 0
(3.85a)

e(x) [Ve ' (2)] x (Vx H)+V x (V x H) —p(z)e(z)w*H = 0
(3.85b)
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We employ the identity V x (V x E) =V (V- E) — V2E and obtain,

u(@) [V ()] * (V x E) +V (V- E) = VE —p(a)e(@)’E = 0
(3.86a)
Similarly, by making use of the same identity for H V x (Vx H) =V (V- H) — V’H
we get
e(x) [Ve ' (2)] x (VX H)+V (V-H) - V°H —p(z)e(z)w’H = 0
(3.86D)

By exploiting the independence of E = yE, and H = yH, on y expressed in Egs. (3.83),
and by making use of Eq. (3.84), we have

. op~(x) O0E, _OF 0*E, O*E, .
Bp(r) = x |2t — et ) — U — U —gn()e(a)w’ By, = 0
(3.87a)
. de~(x) .OH, _0H, _0*H, _0*H, 9
Y _ a9 _ _ H., =
w€<$) ax X <Z ax €T az ) Yy 822 ) aIQ y,u<x)5(x)w Yy 0
(3.87b)
or,
) ou~*(x)0E, 0*E, . O0°E, . 9
_ _ _ _ E =
yu(x) 9 or Yo Yoo yp(z)e(z)w”E, 0
. 0 Y(x)0H, .0°H, .0°H, 2
We have arrived at scalar equations
ou~*(z)0FE, 0*E, 0O°E, )
E pr—
p(x) % O + 5.2 + 52 + p(x)e(z)w B, 0
(3.89a)
oz Y (x)0H, 0°H, O°H, )
H pr—
#(x) or  Ox + 022 * 0x? + pw)e () Hy 0
(3.89b)
Alternatively, they can be expressed,
o | _,, 0F, 0*E, 9 B
/L(.T)% {u (1:)%] + 5.2 + p(x)e(z)wE, = 0 (3.90a)
o | _,, \0OH, 0*H, 9 B
5(:6)8—06 {5 (z) pe ] + 52 + pu(z)e(x)wH, = 0 (3.90b)
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or,
0? ol 0 9
{5+ n@ i @] + awewh B = o (391a)
0? o1 4 0 9
{5 e | @] +uwen? b, = o (3.91)

From the Maxwell equations, Eqs. (3.29), it follows in planar structures where E = yE,,

0B, OB, .

oy 3% H
o " To: Jon(z)
OH, OH. .

that the only remaining non zero field components are H, and H, . From the independence

of E, on y, given by Eq. (3.83a) as a conclusion of Eq. (3.82a), it is obvious that both

H. and H, are independent of y

OH.
oy

In a similar way, we get from the Maxwell
where H = yH,,

ﬁaHy B . 0H,

ox 0z
OFE, B _OFE,
4 0z Y ox

0H,

=0
dy

equations in planar structures, Eqgs. (3.29),

jwe(x)E

—jwu(x)’g}Hy

that the only non zero field components associated with H = yH, are E, and E, . From

the independence of y of H, given by Eq. (3.83b) as a consequence of Eq. (3.82b) it is

obvious that also the field components F, and E, are independent of y,

OB,
y

OF,

3y 0.

In our planar structure with € = ¢ (z) and pu = p(x), all components of E and H

are independent of y. Consequently,

0

— =0 3.92
o (392
: : .0 .0
with the corresponding form of V=&— + 2—.
ox 0z
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Table 3.2: Field in planar structures.

E, | H, | E,|H,
. . dE,
B —jwp | 0| 0 | = q
X
—jwe | jpB 0 0 0
0 0 iB | jwp 0
dH,
0 0 jwe | jB || —
dz

Table 3.3: TE and TM modes in planar structures.

TE | H, | E, | H.
™ | E, | H, | E.

3.4.2 TE and TM modes

We conclude that in planar structures the set of four Maxwell equations, Egs. (3.56),
for transverse fields splits into two sets of mutually independent sets of two equations
as shown in Table 3.2. The six field components are classified into two groups, The TE
group with £, = 0 and TM group with H, = 0, according to Table 3.3.



Chapter 4

Optical fibers

4.1 Introduction

Optical fibers represent dielectric cylindrical waveguides most often of circular cross sec-
tion employed to the propagation of electromagnetic waves in the infrared and visible
spectral regions.! We wish to determine the conditions for the wave propagation in
the optical fibers. As we focus on circular cylindrical waveguides fibers, we employ the
Maxwell equation and Helmholtz wave equations in circular cylinder representation. The
transverse profile, i.e., the dependence on radial coordinate, o, of the electromagnetic
parameters, electric permittivity, € (0) and magnetic permeability, u (9), may be rather
complicated. It is determined by the requirement on the wave mode properties in a
particular fiber. The waveguiding in circular cylindrical waveguides similarly to that in
planar symmetric waveguides is characterized by zero cut-off frequency/thickness for the
fundamental mode.

The analysis can be performed analytically to the highest degree for a waveguide con-
sisting of a homogeneous core and a homogeneous cladding bound by circular cylindrical
surfaces with a common axis.? Their radii are denoted as a; and as, a; < as. The ho-
mogeneous core region, 0 < p < a; is characterized by €; and p; and by a corresponding
real index of refraction, n; . The homogeneous cladding occupies the region a; < o < as
characterized by €5 and ps and by a corresponding real index of refraction, ny < ny
(Figure 4.1). This is a fiber waveguide with a step profile of £(p) and p(p) i.e., with
a step index profile, n(p). The notation may be simplified by taking a; = a and by
assuming a, — oo. Indeed, in a reasonably designed optical waveguide, the radius, as

must be chosen sufficiently high in order to make the evanescent wave penetration into

1Optical fibers of elliptical cross sections present interest in the applications where the wave polariza-

tion must be stabilized.
2D. Marcuse, Light Transmission Optics, Van Nostrand Reinhold Company, New York 1972, pp.

286-305

75
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outer medium negligible. This justifies the approximation as — oo. The present chapter

is devoted to the analysis of this step index profile optical fiber.

4.2 Field equations in circular cylinder coordinates

4.2.1 Unit vectors

The unit vectors in circular cylinder coordinates are related to the Cartesian unit vectors
by the relations,

0 = Tcosp+ysing/-cosp/ - sinp
p = —axsinp+ycosy/-(—siny)/-cosg (4.1a)
z = z

The inverse transformation requires

pcosp —psing =
osinp+ @cosp = Y (4.1b)
zZ = z

Figure 4.1: Cross section of a circular cylindrical dielectric waveguide.
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o\ NY
\d

>

8

Figure 4.2: Cartesian and circular cylinder unit vectors are related by a transformation of
rotation about the z axis. The z axis is perpendicular to the page and the unit vector 2 is

oriented out of the page.

The unit vectors, ¢ and ¢ depend on the azimuthal angle, ¢

o . .
9,2 = @ (4.2a)
J . X

A ~

The vector products of unit vectors are givenby o X p =2, p X 2=p0 azZ X 9= .

4.2.2 Operator V in circular cylindrical coordinates

Let us remember the operator V in the Cartesian coordinates. For a scalar function of

position, u = u (z, y, z), the total differential becomes,

ou ou ou

product of two vectors,

du = dr-Vu = (:ﬁdx+@dy+£dz)-(m?+ya—u+ia—u>
z

From this, we can deduced the gradient of the scalar function u(r) of a position vector,

T=1T+yy + 22,

Ou Ou  _Ou
e, .0 .0

the differential operators in circular cylinder coordinates. If u = u (o, ¢, z) represents

a scalar function of position, then its total differential becomes,

ou ou ou
du —a—dg+a—d¢+adz
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be expressed as a scalar product of two vectors

1
du = dr-Vu = (sdo+ podp+2d2)- (024 + et 0% 4 594
00 00p 0z

From this, it follows for the gradient of a scalar function u(r) of a position vector r =
00 + 2%,
Ou  10u _Ou

Vu = Qa—g + E% + Z& (4.5)
0 10 .0
V= Qa—Q—FQOE%—i—Z& (4.6)

To find the relations between the Cartesian and circular cylinder differential operation,

we compare the expressions for V

.0
and,
0 10 0
= p— 4+ p-—— 5 4.

= —sing (4.9a)
(4.9b)

- = cosy, @-

R R
S
I
2
=
AN
S
< B
I
@)
o
n
©

The derivatives with respect to o and ¢ can be expressed in terms of the derivatives with

respect to z and vy,

L .0
= (Q-w)—+(9-y)8—y
.0
= cosgo£—|—smgoa—y (4.10a)

1 R
-5 = ‘P'vgtpz = So'vazyz

= —sin Yo + cos p— (4.10Db)
x
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This can be concisely written in a matrix form,

9 9
0o . Ox
coS s
_ L (4.11)
10 —siny cosp o
00 dy

The inverse transformation, i.e. the derivatives with respect to x and y expressed in

terms of the derivatives with respect to p and ¢,

% = - mez = - vng
.. 0 . . 10
= (x-9)=—+(x -
(@-0) 5+ (@ 9) 5
0 sing 0
= COSp— — — 4.12a
Y90 " o 99 (4.12a)
0 . ,
a_y =Y Va:yz Y- V,ggaz
0 cosp O
= sinp— — 4.12b
Yo T 0 0 (4.12b)
or in a matrix form,
9 o
Oz cosp —sing e
_ ) (4.13)
o siny  cosp 10
dy 00

4.2.3 Vector field in circular cylindrical coordinates

The vector field in circular cylinder coordinates follows from the transformation of the
Cartesian field,

A(r) = Ag+ A+ Az
= A+ A.p+ Az

using the relations (Figures 4.3 and 4.4)

A, = Aycosp+ Aysing (4.14a)
A, = —A,sinp+ A, cosp (4.14b)
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@)

Figure 4.3: The vector field A(7) in the point determined by the position vector r = pg

decomposed into the Cartesian and circular cylinder component.

4.2.4 Maxwell equations

We start from the Maxwell equations in a linear, isotropic, lossless, nondispersive, and

homogeneous medium with a zero free charge and free current densities, i.e., in a source

free region®

V x FE

V xH
V-FE
V-H

9
Mot
0
%E
o
0,

0.

H,

For a time, ¢, harmonic dependence accounted for by a factor exp (jwt) the Maxwell

equations assume the form,

VxFE
Vx H
V-E
V-H

—jwpH ,
jwel |
0,

0.

3The sources responsible for the generation of the field are located outside the considered region.
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Y
Ay sing
R | Ay =Azcosp+ Aysing
- \
A, | A _ :
p A A, = —Azsinp + Ay cosp
””” \ A \
V\ ‘A \ | \\
\ Y \
\ ‘ \\ ‘ \
| \ A
\ \
Aw\ A boso | | \ Ay cose
\\ T ¥ Ay‘ ASO\\
" I
\
\
\ \ \
\
| | \
\
\ \ \
\ ol Ay A
| \
| e A, si
e \ \
”" - ]
Ay
¥
o z

Figure 4.4: A two dimensional Cartesian vector field A(r) = A (z& + yy) transformed into

the circular cylinder coordinates A(r) = A(0p) in the plane perpendicular to the z axis.
The fields can be decomposed into the components parallel to the unit vector of circular
cylinder coordinates,
E = FEo+FE,p+FE.2 (4.17a)
H = H,o+H,p+ H.z (4.17b)

The Maxwell equations (4.16) can be expressed decomposed into the components using

Eq. (4.4) for the operator V in circular cylinder coordinates,

é%EZ—%EW - —M%HQ (4.18)
%E@_a%EZ _ —M%Hw (4.18h)
H%@E@_%E@} — o, (4.15¢)
é%Hz_%Hw _ E%EQ, (4.18d)
%Hg_aﬁg[{z = 5%&;, (4.18¢)

0 0

0
[a—g(@Hw)—%Hg] = e5E:, (4.18f)

|
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The dependence of the unit vectors on the azimuthal angle, ¢, given in Egs. (4.2),

0

5o 4.1
952 @, (4.19a)
0

—p = —p 4.19b
e 0 (4.19b)

and the vector products of the unit vectors, i.e., oxp=2,px2=p and 2 X 0= ¢
have been taken into account. In homogeneous media in the absence of free charges, the

scalar Maxwell equation, not relevant for the present purpose, take the form

v E_gE +;E +188E +§ZE = 0, (4.20a)

V-H:%Hﬁéflﬁéi@fl +88ZH ~= 0. (4.20D)

With the restriction to the harmonic time dependence, Eqgs. (4.18) are transformed into
the form,

é%gz_%@, — juuH, (4.21a)

%Eg—%EZ = — —jwuH, (4.21b)

é [a% (0E,) - %EQ] — _jwpH. (4.21¢)

}Qa‘l Z_ %Hw — jweE,, (4.21d)

%Hg_a%gz — jweE,, (4.21¢)

1 [;@ (o) — a(?oH] — iwell,. (4.21f)

The account of the harmonic dependence on both time and the z coordinate expressed

by the factor expj (wt — Bz) in Eqs. (4.21) provides,
10

E%EZ +ijbE, = —jwpH, (4.22a)
: 0 :
—iBE, — 8_QEZ = —jwpH, (4.22b)
1[0 0 :
’ {8_9 (0Ey) — %Eg} = —jwp, (4.22¢)
10 . .
E%HZ +ijBH, = jwek,, (4.22d)
—jBH, — %HZ = jwekl,, (4.22¢)

—Hg} = jwekl,, (4.22f)



4.2. FIELD EQUATIONS IN CIRCULAR CYLINDER COORDINATES 83

The transverse field components, F, , £, , H,, and H, are related to the corresponding

Cartesian components,

E, = E,cosp+ E,sing (4.23a)
E, = —E;sinp+ E,cosy (4.23b)
H, = H,cosp+ Hysinyp (4.23¢)
H, = —H,sinp+ Hycosy (4.23d)

We also list the inverse relations, the Cartesian field components, F, , E,, H,, and H,

in terms of the corresponding components F,, E,, H,, and H,

E, = E,cosp— E,singp (4.24a)
E, = E,sinp+ E,cosy (4.24b)
H, = H,cosp — H,sinyp (4.24c¢)
H, = H,sinp+ H,cosyp (4.24d)

The transformation from the Cartesian coordinates into the circular cylinder coordinates,

it is advantageous to employ the matrix presented in Eq. (4.11)

cos sin
R(p) — v (4.25)
—sinp cosp

The matrix transforms the unit vectors in Eq. (4.1)

0 cos sin T
_ vy (4.26)
P —sinp cosy Y
In the matrix form, Eqs. (4.23) can be written as follows,
E cos sin E,
“l = v v (4.27a)
E, —sing cosy E,
H cos sin H,
S - vy (4.27h)
H, —sing cosy H,

The same 2 x 2 matrix relates the derivatives of z components in agreement with Eq. (4.11)

OFE, OF.

de cosp sinp Oz
— (4.28a)
10E. —sing cosg OE.

0 Oy Ay
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0H, OH,
Oo cosp singp O

10H, —sing cosy OH,
o dp dy

The inverse transform employs the matrix,

3 cosp —sing
R (p) =
sing  cosp

The unit vectors transform according to Eq. (4.1)

T cosp —singp 0
Y singp  cosp @
The transform inverse to the transform in Eqs. (4.27),
E, cosy —singp E,
E, singp  cosp E,
H, cosy —singp H,
H, singp  cosp H,

The transform inverse to the transform of derivatives in Eqs. (4.28) becomes,

OF, oL,
Oz cosp —sing D¢
OF. sing  cosp 10E,
dy 0 Op
0H, 0H,
Oz cosp —sing 0o
OH, sing  cosp 10H,
dy 0 Iy

(4.28b)

(4.29)

(4.30)

(4.31a)

(4.31D)

(4.32a)

(4.32D)

In the Cartesian coordinates, the transverse field x and y components may be expressed

in terms of the derivatives of the longitudinal field components as in Eqs. (3.66) valid for
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the solutions proportional to the factor explj(wt — Bz)],

1 OH,
E, = — 4.33
i (95 + ) (1.33)
1 OH,
E, = — 4.33b
! Ve (ﬁ > (4.33b)
1
H, = — 4.33
Jw%u p? ( ) .
1
H, = 4.33d
Y Jw?eu 3? ( ) (4.334)
The transform to the circular cylinder coordmates prov1des,
E, = E,cosp+ E,sinp
) 1 [ OF, 8H . oF, OH,
= —j————— |cos sin —w
Jw%u —-p? | v ox v oy arr
) 1 [ 3 OF, n aE N OH, OH,
= —j———- cOS sin (p—— wp | cos p—— — sin
Jw%u—ﬁz i or v dy K v dy or

= —j——— |B | cos 2—i—s' 2 E, +wp | cos g—sin ﬁ H
- ‘]UJ25/,L_/82 Soam lngpay z /’L gpay gpax z

9 10
i do 00p ]
B 1 ﬁaEZ 10H.
ep—p2\"ae "Moo )
E, = —E,sinp+ E,cosp

. 1 e ﬁaEZ n OH, + cos BaEZ . OH,

N Joﬂau — p? Sy or y 7 oy arr

o (e oo e s o

= Jw%u 7 —singp—— 9 TSP a9y wp | sin g a9y Cos P~

. 1 .0 0 .0 0

= _Jm 15} (— sin goa—x + cos goa—y> E, +wu <s1n cpa—y + cos gpa—x) H,
7 13
00y do i

R 518&7 20
e T Mo
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The use has been made of Egs. (4.10).* The results for H, and H, follows from the
duality transform according to Eq. (3.30).

In summary, the relations for transverse field components are listed bellow,

1 OF, 10H,
E = —i - 434
: wzeu—BQ(ﬁf)@ T 9390)’ (4.34a)
o 10E, OH,
Be = T (BE FEREY ) ’ (4:345)
1 OH, 10E,
H = —i _wezZz 434
¢ wQeu—BQ( 20 o 090) ’ (4.34c)
S 10H,  OF,
e = g (55 5 e ag) . (4.34d)

Alternatively, Eqs. (4.34) can be deduced from Eqs. (3.80) using the transverse gradient

0
operator, V; = @a— + g&—a— , extracted from Eq. (4.8).
0 QoY

4.2.5 Helmholtz equations

In linear isotropic homogeneous non dispersive media, the wave equations for the vector

wave fields, E and H are given by,

82
E) = —pe—E 4.
Vx(VxE) Heors (4.35a)
2
Vx(VxH) = —MS%H (4.35b)

where VX (VxE) =V(V-E)—-V?E aVx (VxH)=V(V-H)—V?H. For
V-E =0 and V- H = 0 in the absence of free charges and free currents in homogeneous
media according to Eq. (3.41), and the harmonic time dependence of monochromatic

wave fields accounted for by the conventional factor exp(jwt), we get
V’E +w*ueE = 0 (4.36a)
V:H +W*ueH = 0 (4.36b)

Here V? denotes the Laplacian which in circular cylindrical coordinates assumes the form

VZ — 12 g _|_la_2_|_8_2
= 000\%0) T Po2 " 92

or more conveniently,

0? 10 1 02 0?
2

v - - = 4.
00* 000 0?0p? 022 (4.37)

9 19 10 0
‘B, can be deduced from E, by the exchange -~ — ~—— and —5— — ——.
o can be deduced from E, by the exchange 7~ — 00p " 00y - do
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We should not forget to account the dependence of the unit vectors, ¢ and ¢ on the
azimuthal angle, ¢, in Eqgs. (4.19). The Laplacian, V? applied to a vector function of
position E (r) provides,

20E, E 20E, E
2 _ 4 2 Ty s zz
V°E ( 22 0y 92> (VE + 2 0o 92>+zVE

Equation (4.36a) for the electric field vector developed in circular cylinder components

displayed in detail becomes,

10 0 1 02 0?
== -~ 4+ E, E, E
0 (Q@QQ89+928w2+822+w ,us) (0E,+ 9E, + 2E.)

10 0 1 02 02 1 OF,
= @[(——g )EQ+——E + ==k, - (E +2—>+w ,usE}

000 0o 02002 % 922 v
10 0 1 02 0? 1 OE,
(-2 Bt g+ B -~ (E 2 E
! “’Keaggag> R @2( ¢ aw)*”“g }
/10 o 1 02 0? 5
’ ZKE@_QQ@_@) Bt ot +az2EZ+”“€EZ}
R 1 OF,
— g[szQ—E(EQHa—;)w%EQ]
. 1 OE,
+ (P|:V2E@_E(E 2%>+WQM€E¢1

(4.38a)

The same procedures provides for the vector magnetic field,

2 OH H 2 OH H
2H — A V2H = P 4 - v?H = e Ty szHz
v ¢ o )" Teoe #)F

After the substitution into Eq. (4.36b), we have,

0= (%%Q%%—é;—;%— 8822 +w ,ue) (0H,+ ¢H, + zH,
= @[(%%g(j@)Hg—i—éaa—;Hg%—aa—;Hg 1 (H +2 )—l—w ,usH}
Al oo B
o[ e G ]
= 0 [VQHQ - — ( 8;?) —i—w2,u€H4
+ ¢ |V?H, — ( o — 2%—%) +w2,u5H4

+ 2z [V’H. 4w ,usH] (4.38D)
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In Eq. (4.38a), the component parallel to ¢ involves not only the field component E,,
ie., E,(0,¢,2,t), but also the field component E, (g, ¢, z,t). Likewise, the component
parallel to ¢ contains in addition to the field component E, (o, ¢, z,t) , the field compo-
nent E, (0, ¢, z,t). The same situation takes place in Eq. (4.38b). The solutions for the
harmonic waves traveling parallel to the z axis with the increasing z coordinate applied

in the waveguiding studies already employed in Egs. (3.53) become,

E = Ejexp|j(wt— [2)] (4.39a)
H = Hjexplj(wt—p2)] (4.39b)

We have therefore to confine ourselves to find the solutions for the £, and H, components

E, = Eyexplj(wt— p2)] (4.40a)

and to deduce the transverse components from Eqgs. (4.34).

We start from the Helmholtz wave equations,

62

v%z::vﬁz+-53ﬂg = —pew’E, (4.41a)
z
82

Wm:Wm+5ﬁ;:—wﬂﬂ (4.41Db)
z

and account for the z dependence according to Eqgs. (4.39),

VE, =V?E, - ’E, = —uew’E, (4.42a)

V2H, =V?H, - °H, = —pcw’H, (4.42Db)

We have employed the transverse gradient defined as,

0
V,= 00— +p—— 4.4
t Q@Q Q@gp ( 3)

The transverse component of the Laplacian becomes

10 0 1 0% 0? 10 1 02
2 2| == T 4.44
Vi 000 <Q3Q> * 02 0p?  0p? - 000 " 0% 0p? (444)
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4.2.6 Wave equations in the core, Bessel functions

The region of the cylinder, 0 < o < a, is characterized by the material parameters, p,

and €. We make use of the solutions proposed in Egs. (4.39) and obtain,

V?-Ez - 62Ez = _M1€1W2Ez
ViE. +rE, = 0 (4.45a)
ViH, - B*H, = —mew’H,
VZH,+r*H, = 0 (4.45Db)
For pne1w? > 32, we define,
pew? — 3 = K2 (4.46)

To solve the Helmholtz equations (4.38) with the proposed solution according to Eqs. (4.39),
we have to start from the component parallel to 2 containing exclusively a single field

component, F. (¢,¢), or H. (0, ¢)

VQEZ+M1€1W2EZ =0

’E. 10E, 10°E. O°E. m — o
92 00 @ oF o M T

PE. 19E, 1 0°E,

9 000 @ 0

PE, 10E, 1 0%E.

9@ 000 @ o

— B’E, + u151w2EZ =0

+KE, = 0 (4.47a)

V2H, + jheww’H, = 0

0’H, 10H, 1 0°H, O0°H.
0P 000 @ 0P | 07
0’H, 10H, 1 0%°H,
92 "o o0 T F R
0’H, 10H, 1 9%°H,

92 000 | & 0g?

+,u151w2Hz =0

— ﬁ2HZ + M1€1M2Hz =0

+K*H, = 0 (4.47D)

In summary, we have the following results. The fields E, (o, ¢), E, (0,¢), H, (0, ¢),
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and H,, (o, ¢) are given by Eqgs. (4.34) with the substitutions according to Eqs. (4.46)

1 OF, 10H,
E, = —j— - 4.4
1 10L, OH,
E, = —j—=|(p- — 4.4
1 OH, 10F,
H, = —j— — wep= 4.4
’ K2 <5 do o 890) | R
1 10H, OF,
H, = —j—=|p- . 4.4
0 5 (69 9 + wey ag) (4.48d)

The fields E, (o, ¢) and H, (g, ¢) are the solutions of the partial differential equations (4.47)

O*E. 10E. 10°E.

- — E, =0 4.49
3Q2+Q3Q+Q2ag02 + K (4.49a)
’H 10H 1 0°H
0 ‘ + OH. 0 ‘+Kx’H, = 0 (4.49b)

9 000 @0
or in a concise form, still in circular cylinder coordinates, using Eq. (4.44)
VIE. +K*E, = 0 (4.50a)

ViH,+rk*H, = 0 (4.50b)

We have already removed the second derivatives with respect to t and z of the fields

in the wave equations (4.36) using the proposed solutions given in Eqgs. (4.39)

O*E, (o, ¢, 2, 1)

o = _WQEZ (Q7 @, z, t) (451&)
’H t
0 z (52;07 Z, ) _ —WQHZ (Q, 0,2, t) (451b)
aQEz (Q,(p,Z,t) 2
2 = —FE.(0,,2,1) (451c)
2
H
0°H, (5)27290727& _ _/BQHZ (0,0, 2,t) (4.51d)

Next we choose the dependence on ¢ according to the requirement where the trans-
form ¢ — ¢ 4+ 27 should not change the ¢ dependence of the fields. For a Laplace
product as a choice for the solution of the partial differential equations, here the wave

equations (4.36), we take

E.(0,p.%,t) = E.(0)e" explj(wt — B2)] (4.52a)
H, (Q? ¥, %, t) = H. (Q) ejwp exp [.] (wt - 62)] (452b)
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where v must be an integer. The solutions to the transverse components take the same
form which follow from Egs. (4.34),

E,(0,¢,2,t) = B,(0) " explj(wt — f2)] (4.53a)
E,(0,¢,2,t) = E,(0)e"?explj(wt — B2)] (4.53b)
Hy(0,0,2,t) = H,y(0) @ expli(wt — 52)] (4.53¢)
Hy (0,¢,2,1) = Hy(0) " expj(wt — f2)] (4.53d)

We can now eliminate the derivatives with respect to ¢ using the proposed dependence in

the form of a factor exp (jry) .The substitution into Eq. (4.38a) according to Eq. (4.52a),
2

and the account of % — jv and 9.2 — — (3% provides,
(éa%ga% + éaa_; + aa—; + wzue) (0E, + pE, + 2E.,)
= 0 Kédig dig) E, - é (E, + 2jvE,) + (aﬂus . ’;—z) EQ}
+ @ (édiggdig) E,— é (E, — 2jvE,) + (wzua - Z—j) E4

|
o[t (e
(i)

R 1d d 2jv 2 +1
= 0 (Ed_ggd_g E,— ?ESO + (w2u€ -3 — 72 ) EQ]
R 1d d 2jv v?+1
+ (Ed_ggd_g) E¢ + ?EQ + (w2ﬂg —_ 52 _ 92 ) Eg0:|
1d d V2
2 | (——o— | E. 2ue—p*— = | E, 4.54
" ZKQdQQdQ> " (w pe =P 92) } (454)

In a similar way, we can transform Eq. (4.38b) with the help of Eq. (4.52b).
Equations (4.49a) and (4.49b) are reduced to ordinary differential equations, so called
Bessel-Euler equations for E,(p) and H,(p) with a variable o,

d’E, 1dE. ) V2>
— + - +(x"——=|E, = 0 4.55a
de? o dp ( 0? ( )
°H,  1dH. | ( 2 ”2) H = 0 (4.55b)
J— /{: _—— z pr— .
de? o dp 0?

Alternatively, these equations are expressed with a dimensionless variable ko as E, (ko)
and H, (ko)

, & d 2 9 _ .
(ko) (HQ)QEZHKQ) Tg) Bt (ko))" =V*] E. = 0 (4.56a)
(ko) & H, + (ko) LI [(k0)” —V*]H, = 0 (4.56b)

d (ke 27 d (ko) ~ :
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The Laplace product as a solutions of the wave equations (4.36) in a more specific notation

becomes,

EY (ko,p,2,t) = EY ( 0) &% exp [j (wt—ﬁ“ )] (4.57a)
HY (ko,p,2,t) = HY (kp)e”?exp [j (wt— )} (4.57Db)

z z

In the mathematical analysis, the Bessel-Euler equation is written as

o d%y dy 2

@+$@+($ —I/)y:O. (4.58)
or

d?y  1dy 2

— 4 = 1—— = 0. 4.59

dx2+xdx+< xQ)y (4:59)

d dy 2 2 _
T (xa)—i-(w — 1)y = 0. (4.60)

It is a second order homogeneous ordinary differential linear equation which has two
linearly independent solutions. One of them is represented by the Bessel function (of the
order v), i.e., J, (ko) (also the Bessel function of the first kind),

T (ko) =

1M

oo (3) oy

The second solution is represented by the Neumann function (of the order v), i.e., N, (ko)

(also the Bessel function of the second kind)

N, (ko) =

WSty (SR am

q
1
At ¢ =0, the sum E — is zero. Here T = expv ~ 1, 78107 with,
s
s=1

" /1 228
= I ——1 ~— ~0,5772157
vo= [Z <s ns)] 305
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v is the Euler-Mascheroni constant.?

The solutions to the Bessel equation can be alternatively expressed in terms of Hankel
functions (also the Bessel functions of the third kind). The Hankel functions in a modified
form are important in our analysis as they will be employed as solutions in the region
a < p < co. The Hankel functions of the first and second kind (of the order v) are denoted
as HY (ko) and HP (ko) , respectively. They are related to the previous solutions by

the relations,

HY (ko) = Jo (ko) + N, (ko) (4.63a)
HP (ko) = T, (r0) — N, (r0) (4.63b)

The Bessel functions, Neumann functions, and Hankel functions belong to the family of
cylindrical functions (of the order v). In general, the order of cylindrical functions need
not be an integer. However, for our purpose we are restricted to the case where v is an
integer, as required by the condition expressed in Eq. (4.52). The restriction to integer v
complicates the search for the second solution represented by the Neumann function.
The general cylindrical functions are denoted as Z, (k). The Bessel functions of the
zero and first order are shown in Figure 4.5. Figures 4.6-4.8 compare the Bessel and
Neumann functions of the zero and first order. The higher order Bessel functions are

shown in Figure 4.9.

4.2.7 Wave equations in the cladding. Hankel functions

The outer region, a < p < o0, is characterized by the material parameters p, and e.
We are interested in the solutions pertinent to the waveguide modes in the fibers and
require the solutions for the region a < p < oo in the form of evanescent waves of
amplitudes sufficiently quickly decaying with the distance p — oo from the fiber axis z.
The transverse fields, E, (0, ¢), E, (0,¢), H, (0, ¢) , and H, (o, ¢) follow from Eqgs. (4.34)
after the substitution for w?eu — % = w?eapy — 32 = —~?% or from the Eqs. (4.49) by the
exchange Kk — j7v.

5In the convention notation, the Eulero-Mascheroni constant is denoted as . In the present electro-
magnetic theory of dielectric waveguides, the symbol v is employed for the transverse damping constant.
We therefore represent the Euler-Mascheroni constant by v and define T = ev.
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Ji (KQ)

Figure 4.5: Plot of the Bessel functions of the zero and first order, Jy (ko) and J; (ko) .

We get
1 (9E 18
E, = J¥ ( 90 ) (4.64a)
1 10F,
E, = j= ( 0 ) (4.64b)
v \"edp
1 oH 1 oL,
H, = i (ﬁ : ) 4.64c
1 10H, )
H, = We . 4.64d
: ( 0 0p g (040
The fields E, (0, ) and H., (o,¢) are the solutions to the partial differential equations,
0*E, 10E, 10*E,
- — —v'E, =0 4.65
07 000 ot (465)
O°H, 10H, 10°H.
- — -vH, =0 4.65b
0 000 o] (4650)
or in a more concise notation,
VIE.—+v*E., = 0 (4.66a)
ViH, - ~+*H, = 0 (4.66b)



4.2. FIELD EQUATIONS IN CIRCULAR CYLINDER COORDINATES 95

Figure 4.6: Plot of the Bessel and Neumann functions of the zero order, Jy (ko) and Nj (ko) .

The diffusion equations (4.65) and (4.66) follow from the wave equations (4.49) and (4.50)
by the same exchange k — j7.® The required solution for the fields E, (o, p) and H. (o, ¢)
sufficiently quickly decaying with ¢ — oo, corresponding to the evanescent waves repre-

sent the solution to the modified Bessel equation,

=S 4 a-=— (¥ + 1)y =0 (4.67)

which can be deduced from Eq. (4.58) by the exchange © — jz. For our purpose, we
write them in a way similar to that already employed in Eqs. (4.55)

d*E, 1dE, , U2

i o (7 +?) E. =0 (4.68a)
dH, | 18, LA PR (4.68b)
d? "ode \! ") T '

or to the Bessel equation with a dimensionless variable, in a close analogy with the rep-

6The replacement of the real parameter « by an imaginary pure one, jy transforms the Helmholtz
wave equation into a diffuse equation. The solutions to the Helmholtz equations are the Bessel functions,

the solutions to the diffuse equations are the modified (or hyperbolic) Bessel functions.
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11
Jh (/fQ)
No (r0)
1 Iﬂ;g
0 2 6 8 10\

Figure 4.7: The Bessel function of the first order, J; (kp) and the Neumann function of the
zero order, Ny (ko) .

resentation in Eqgs. (4.56)

d’E, dE

(jvo) TEL + (jvo) en + [(vo)" =] E. = 0 (4.69a)
o, d2H, . dH. o B
(j70) dmg)g+(J7@)d(jw)+[(m) —V|H. = 0 (4.69b)

After the removal of the imaginary unit j,

, d2E, dE, s B .
(vo) 100 + (vo) 10~ [(vo)* +v*] E. = 0, (4.70a)
2 dsz dHZ 2 2 J—
(’79) d(’yg)2 + (’YQ) m — [(’7@) + v ] HZ = 0. (470b)

We have started from the equations corresponding to Eqs. (4.45)

V?E, — B’°E., = —usw’E,
VZE, —7*E. = 0 (4.71a)
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1 L
J1 (ko)
O, 5 - Nl (HQ)
/[ [
| : : : : , :
o| 1 15

—0,5-+

-1 4+

Figure 4.8: Plot of the Bessel function and Neumann function of the first order, J; (kp) and
M (ko).

ViH, - B*H, = —psw’H,

ViH,—-~+*H, = 0 (4.71b)

For the evanescent solution, psesw? < 5%,
B2 — e = A7 (4.72)

The solutions to the modified Bessel equations (4.68) and (4.69) are represented by
cylindrical functions of an imaginary variable, Z, (jyo). Between the two solutions rep-
resented by modified Hankel functions, HY (jve) and HP (jye) we choose the solution
consistent with the boundary condition for the guided waves. i.e., that sufficiently quickly

decaying with the distance, p from the fiber axis.
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0,5

OO\
% A’"A‘Y‘\"

SO

Figure 4.9: Bessel functions Jy (ko) , J1 (ko) , J2 (ko) , T3 (ko) , Js (ko) , and Js5 (ko) .

4.2.8 Acceptable solutions

We first solve the Helmholtz wave equation in a homogeneous unbound medium char-
acterized by the material parameters ¢; and p; using Egs. (4.47) pertinent to the fiber
core region, 0 < o < a. In the next step we solve the diffuse equation in a homogeneous
unbound medium characterized by the material parameters e and pe using Eqs. (4.72)
pertinent to the fiber cladding region, o > a. We assume that the solutions are also valid
in the corresponding regions, 0 < p < a and p > a with the common boundary surface,
0 = a. At the boundary surface, o = a, we require the continuity of the field E and H
components parallel to the boundary surface, o = a. In addition, we require the fields E
and H of the guided modes to be non zero and finite in the region 0 < ¢ < a, and to be
finite and decaying sufficiently quickly in the region o > a at ¢ — oco.

In the region 0 < ¢ < a we choose Bessel functions, 7, (ko) , as solutions to Eqs. (4.49)
Besselovy funkce J, (k). Neumann functions, N, (ko) as well as Hankel functions
H (ko) and HP (ko) display singularities on the fiber axis, ¢ = 0 and must be there-
fore rejected. At o = 0 all Bessel functions are finite. The Bessel function of zero order,
v = 0, assumes the value, 7y (0) = 1 while those of non zero order, v > 0 display a nodal
point at o =0, i.e., J,(0) =0.
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Figure 4.10: Plot of Neumann functions, Ny (ko) , N1 (k) , N2 (ko) , N3 (ko) , and Ny (ko).

In the region, o > a, we choose modified Hankel functions of the first kind, ’H,(,l) (jyo) x
exp (—v0) , decaying with ¢ — oo and reject modified Hankel functions of the second kind,
HP (jve) < exp (7o) increasing to infinity for o — oco.

Alternatively, the solutions for the region, o > a, consistent with the boundary condi-
tions at infinity can be expressed in terms real functions of real variable (vg) , represented
by modified Bessel functions, K, (vo) "

Ko(ve) = 53" () = 53" 17 (70) + 3N (i) (4.73)

"Mary L. Boas, Mathematical Methods in Physical Sciences, 3rd Edition, J. Wiley & Sons 2006, p. 595.
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Figure 4.11: Modified Hankel functions of the first kind, H\” (jyo) of the order v =

0,1,2,3,4. The displayed curves represent the functions ’H(Vl) (jvye) multiplied by a phase fac-

tor exp [j (v + 1) /2], The factor transforms the functions 7-[61) (jvo), ”Hgl) (Gve), "Hél) (Gvo),

Hgl) (jyo) and HS) (j7vo) to the functions of real positive values.
4.2.9 Fields in the core

In the core region, 0 < p < a, we have,
K= n2 B2, (4.74)

where n? = e;1¢*, The symbol ¢ = (a(vac) u(vac))_l/Q conventionally denotes the speed of
electromagnetic waves in a vacuum; €0 and p("©) stand for the electric permittivity in
a vacuum and magnetic permeability in a vacuum, respectively.

We write for the electric and magnetic fields,

EY (0,0) = AT, (ko) e (4.75a)
HY (0,¢) = B,J,(ko)e"? (4.75b)

~—

The factor exp [j (wt — z)] was dropped out. We find for the first and second derivatives
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of fields B and HY,

OB (0, ¢) dJ, (ko) ;

g v g SO e 4.76a
00 d (ko) ( )

PE 09) _ a2y BT (50) (4.76D)
00? d (ko)?

E}El’) .
0 a(@, v _ VAT, (o) e (4.76¢)
©

PEY (0,) 2 j

Z7E \eY) e
0? v?A,J, (r0) ¢ (4.76d)

oHY (0, ) dJ, (ko)

ML CIL DA AN 4.76e
oJe) d (ko) ( )

PH (0.0) _ op @5 (50) (4.76f)
00> d (rko)?

HZ(«V) .
LD g, (ea) (4.76¢)
@

PHY (0, ) 2 j

Z 87 — e
= VB, (x0) ¢ (4760

The field components, EY and HY , are parallel to the fiber cylinder axis and tangential
with respect to the cylindrical surface boundary ¢ = a. The electric field components

perpendicular (transverse) with respect to the cylinder axis are given by,

i [ oEY 10HY
g» — _J : 101
4 K}2 <6 ag +wlu’1Q 890
. a7, . |
- [ AT ) i g | (4.772)
i [ 10EY oHY)
v — _J (5295 z
v K2 (6@ PR Y.
i |jv dJ, (k o
—% {‘%AVJI, (ko) — wumByﬁ} e’ (4.77Db)

The electric field component, Ef;’) is tangential with respect to the boundary surface

o=a.
We consider the duality tansform

E—+H  ie, A, — £B,
H — FFE  ie., B, — FA,
M1 <7 €1
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and find,
i [ oHY 19EY)
H» — _ £ =
e K2 (5 do welg Op
j dJ, (ko) . 1 ;
- ) |gkB, S\ “A v 4.
5 {5/& YA (r0) JVWElg v Ty (ko) | € (4.784a)
i [ 10HY OB
g — _J [gi9%t z
© B <6Q agp + weq 8@
j Jljﬁ dju (KJQ) j
—— |=£B,J7, A, =20 eV® 4.78b
3 [ 0 J, (ko) +werk 1(n0) ( )

The magnetic field component, Héu) is tangential with respect to the boundary surface,

o=a.

4.2.10 Fields in the cladding

In the cladding region, a < o < 0o, we have

2
W

2 2 27
Y - B n202

7 (4.79)

where n2 = eyusc?. The electromagnetic wave velocity in a vacuum is denoted by ¢ =
(elvao) u(vac))fl/ ? . We express the fields without the factor exp [j (wt — 52)]

EY (0,0) = CHD (jyo0) e (4.80a)
HY (0,¢) = D/HY (o) e? (4.80D)

The first and second derivatives of the fields £ and H are given by,

OEY (0, ) A1 (iv0) |
) — CV+§V¢ 4.81a

o T dGre) e

2p) 1 (ive) |

d : 29790) _ _VchH'—(JZQ)er (4.81Db)
0 d (jvo)

OB |
a(w) = G HY (jro) e (4.81¢)
@

2 (v)

P E:" (0,9) — V2 CHY (jy0) ¢ (4.81d)

0p?
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oH (0, ¢) dHM (ive) .
=2 8 yp, L TR ive 4.81e
do " d (jyo) ( )
2 (V) 94,(1) /-
0 d (jyo)
oHY (o, . o
% = DM (170) (4.81¢)
02H (V)( ) ) .
Z o A\ 1) (; 2%
5 v D,H, (jve) e (4.81h)

The field components, £

and H" , are parallel to the fiber cylinder axis and tangential
with respect to the cylindrical surface boundary ¢ = a. The electric field components

perpendicular (transverse) with respect to the cylinder axis are given by,

i [ 9EY 10HY
p» — 1 z 291
0 ~2 (/6 o + WNQQ 890

dH, _ 1 ‘ :
= i inBC uw + jrwpe =D, J, (jye) | € (4.82a)
7’ d (jve) 0
i [, 10EY oH
E(l/) _ J - z
® (5@ B0 — Wi o )
i | .1 . . dH M (j .
- % [JV%CVH,(}) (ive) —wwuszﬁ] oe (4.82b)

The electric field component, Eg/) is tangential with respect to the boundary surface
o=a.
The duality transform provides,

E — +H  ie.,C, > +D,
H — FFE  ie., D, —» FC,
U1 <> &1

oHW 19EY) >

1
—jljwéfggc HW (ng)] it (4.83a)

o)
S i DAY (770) + frwesC, (170 | (4.83b)
d (jve)
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The magnetic field component, HS(DV) is tangential with respect to the boundary surface

o=a.

4.3 Characteristic equation

The relations among the amplitudes, A,, B,, C, and D, follow from the continuity

condition for tangential field components, Eg') CHY Hs(oy) cand EY at the boundary

surface, o = a, expressed in Egs. (3.32),

lim B (o) = lim B (o) (4.84a)
lim HY) () = lim HY (o) (4.84D)
Jim B (o) = lim EY (o) (4.84c)
Jim HY (o) = lim HY (o) (4.84d)

where the limits lim denote limits for p approaching the boundary, 0 = a from the core
o—a—

region ¢ < a, and the limits lim denote limits for o approaching the boundary, 0 = a,
o

from the cladding region, o > a.

We introduce a concise notation for the derivatives at the surface o = a

dJ, (ko) ] d7, (ka)
_ = — 4.85a
o i (4552
d(ve) | _, d (jya)
We arrive at four relations,
EY) continuous
i |ivB dJ, (Ka)
e [ AT, (ka) — wu kB, A (ra)
.
J : dHs” (jva)
-1 - p, S W) 4.
v JVB CHY (jya) — jywps 167a) (4.86a)
HY continuous
B,J, (ka) = D,HDY (jya) (4.86b)
HY) continuous
. 1 dJ, (ka
_é |:JVﬁaBl,j,/ (KJCL) + w&‘lliAyﬁ]
. 1) .
B O I TR Ay (jya)
= [JVﬁaDVHV (jya) + jywe2C, 1) (4.86¢)
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EY) continuous

AT, (ka) = C/HDY (jya) (4.86d)

The relations are coupled by the duality transform, A, — +B,, B, — FA, and pu; <> €,
in the core region, o0 < a, and by the duality transform, ¢\, - +D,, D, — FC, and
l2 <> €9 in the cladding region, o > a.

The boundary conditions provide a homogeneous set of four equations for unknown
amplitudes, A,, B,, C, and D, . We further simplify the notation for the cylindrical

functions Z, and their derivatives on the boundary surface p = a in Egs. (4.85),

J, = T, (ka) (4.87a)
HY = H (iva) (4.87b)
J, = %7?—:;;) (4.87¢)
HY = % (4.87d)

A nontrivial solution to Eqs. (4.87) follows from the condition for the zero determinant
of this set. The arrangement of the determinant is shown in Table 4.1. In our concise

notation, a condition for the zero determinant takes the form,

v jwpr o vB 1 WH2 4,1y

— T - J, %"H,(,) ——’Hl(,)
/ T ! —HL 0 4.88
k Y K v Y v2a Y
7, 0 —H 0

It represents the eigenvalue equation for guided modes. The determinant on the left hand
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side of Eq. (4.88) is of the type,

ailz a2 Aaiz Qaiq
0 929 O 24

az1 ai1 ass ais

a922 0 924 0

929 0 A924 0 0 24 0 99 Q24 0 929 0

ai1| a;; asy aig | —a12 azy ass a3 | T013| as; @ a3 |—@14| as; a;; Gss
O a94 0 o9 Q24 0 929 0 0 929 0 24

= an (a11a24 — Q130A22024 ) — Q12 (a24a31 - a22a24a33)

_l_

)
a3 (a13a22 - a11a22a24) — Q14 (G226l33 - a22a24a31)
a11a24 (@11G24 — A13022) — A12024 (A24031 — A2033)

+ 13092 (@13a22 — A11024) — Q14022 (A22033 — A24031)

= (G11a24 - a13a22) (G11a24 - a13a22) - (a12a24 - CL14CL22) (a24a31 - CL22CL33)
= (anag — a13a22)2 — (@12094 — @14022) (A24031 — G22033)

The structure of the eigenvalue equation simplifies to the form,

(CL11CL24 - (113(122)2 - (612G24 - CL14CL22) (a24a31 - CL226L33) = 0 (4-89)

The substitution for the determinant elements according to Eq. (4.88) provides
2
20 g (—H) = Yoy g,
K2a v v2a "

g o () ] [ (29 -] <o

K
(4.90)
The eigenvalues equation rearranged becomes,
vB (1 1 o’
l w (/1%2 + fy?a2> TH,
_ {ﬂj;q.[l(}) _ "u_zijHI(})/} [‘]81(7 7'[ ijl(,l)/] =0
Ka jya " jva
(4.91)

A further rearrangement using #? + % = (g1 — eapto) w?

o

a K>y

2
2 (e1pm1 — 52#2)]

[& T (na) i M ma)] [s_l Tyra) | ey ma)]

5 Ju (k) 3 1 () | |5 T GRa) Y 1 (ja)
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Table 4.1: Arrangement of the determinant employed in the computation of the eigenvalue

equation
A, B, C, D,
K“a K Y4a Y
H, 0 J 0 —H
| g ) W | g Py
K Ka Y Y4a
E. J 0 —H 0

Equation (4.91) can be transformed to the form with dimensionless arguments, fSa, ka

and jya
waa o 10 [m (k) e Y ()| a1 Ty (5a) = HY (jya)
K2a® y2a? T rka J, (ka) jya HM (jya) | |k T (ka)  jya Y (jya)
(4.92)
We can also employ LM = —LM and write
jva My (jya) va Ky (va) ’
2 ’ ’
vwa fa B (T (ka) 1K, (ya)][er Ty (ka) 1 K, (ya)
L%ﬁ ~v2a? (eum 82#2)} N [fm J, (ka) T va IC, (ya)||ka T, (Kka) +e2 ya K, (ya)|
(4.93)

The expressions in square brackets on the right hand side are related by the duality

transform p; <+ €;, ¢ = 1,2 while the eigenvalue equation itself is invariant with respect

to the duality transform.
To find another alternative form, we multiply both sides of Eq. (4.92) by v*a?

voo, 1 tedtka), Y (v [ente dia), Y Gl
[m (1 52M2)] _[ K Ju(/fa)ﬂme(ul)(jm) K Ju(fia)ﬂgﬂa%(})(ﬂa)

In the first step, we rearrange the result to get,

vpw_ (e NP [mrPadika) o HY (ha)| [enfa Tya) . HY (va)
—5E2l2 -1 = TiH2va— +leava g
K Eafho £ Julka) Ho' (jya) £ Jylka) Hy' (jya)
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Then in the second step, we have

1/2 2
vpBw (eaptn) €1l 1
€42 12 cally -

[m?aﬂ(m) M ’<m>] lew%ﬂ(ff a) 1 ma)]

+j a +je a—m
w Tea) "y )| | F Tk 1D ()

We introduce the propagation constant in the cladding medium (2), ks = w (eop2)"/?.

Then
5192 g1l 1 2
H2 Eall2

[m%ma) rar ma)] [mQaJ;(m). Hi”’ma)]
) .

pate Jlka P (jya)

Often, it is useful employ the indices of refraction on the left hand side of Eq. (4.92). We
make use of g;p; = nc?,i=1,2

2
i (=)

k2a?~y2a?c?

[ 1 Jy(ka) 1 HY ma)” 1 J(ka) 1 HY ma)]

" ha 7, (wa) i 1D (yay | | Ra Z(sa) a0 (jya)
(4.94)

In the original treatment, the eigenvalue equation has been displayed with a simplified
assumption, j; = po.® Here we reproduce the original treatment keeping 1 # po to

emphasize the duality relation between the expressions on the right hand side,

vhw, 5 o7 e Tka) . HY (ya)| [ei%a® Thlsa) M (jva)
[5202 e ng)} _[ ra ju(ﬁa)ﬂuwa’;%ﬁ”(jva) ka  Jylka )Hgﬂa 2 (jya)

(4.95)

The required solution to the eigenvalue equation presents a set of eigenvalues expressed
in terms of k, 7, or (8 associated to the given real indices of refraction in the core, n;
and in the cladding, ny along with the core radius, a and frequency, w, for the orders
v=20,1,2,.... The number of eigenvalues, s, or v, or # gives the number of modes

which are allowed to propagate in the fiber. The eigenvalues, k , v, and [ are interrelated

8Dietrich Marcuse, Light Transmission Optics, Bell Laboratories Series, Van Nostrand Reinhold Com-
pany, New York 1972, pp. 286 - 305.
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according to Eqs. (4.74) and (4.79)

w
2 2 2
Z ==
1
2
2
w
2 2 2
v =B n2§

0.5

O
ot

10
raQ

!
Figure 4.12: Plot of the function 1 (ML).
Ji (ka

)
J (rka)
i (Ra
in the eigenvalue equation Eq. (4.95). Figures 4.13, 4.15 and 4.17 illustrates the behavior
1 J
of the functions —M, 1 = 1,2,3. The nodal points of Bessel functions and their
ka J; (ka)

derivatives are listed in Table 4.2.

Figures 4.12, 4.14 and 4.16 display the plots of functions .1 =1,2,3 employed
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Figure 4.13: Plot of the function — :
ka Ji (ka)

L ! L | s
5 W Mo
Ra

1 J{ (ka)

4.4 Guided TE and TM modes

In general, the eigenmodes consist of all six components. The eigen modes where F, # 0
and H, # 0 simultaneously are called hybrid modes. They are characterized by v # 0.
On the other hand, at ¥ = 0 the dependence on the ¢ coordinate disappears and the
left hand side of the eigenvalue equation E, # 0 a H, # 0 vanish. Then, the eigenvalue

equation splits into two independent parts,

Ji (ka) m’H V) (va) | 0
) Va Ho (jya)
Jo (Ka) 62’H ] 0
) Va 7'[0 (jya)

(4.96a)

(4.96b)
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10
Ya

!
Figure 4.14: Plot of the function I (/w).
J2 (ka)

Because of the ¢ independence, all the derivatives with respect to ¢ in Egs. (4.34) vanish,
3}
i.e., — — 0. Equations (4.34) simplify to

dp
.1 OF,
B, = -igfy, (4.97a)
.1 OH,
E, = jpwn 90 (4.97b)
.1 O0H,
Hy = —ig0%, (4.97¢)
1 E
H, = —jﬁweaagz (4.97d)

We arrive at two independent field sets. In the first one, the £, component is missing.
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1.0+
0.5+
| = L'
0 5 10
Ka
/
Figure 4.15: Plot of the function 1L Ty (ka) :
ka Ja (Ka)

The set represents TE modes consisting of the E,, H, and H, components. It is the H,
field component which is missing in the second set. This represent TM modes consisting
of the H,, E, and E, components. Equations (4.97) confirm the splitting into the
two sets, each consisting of three field components independent of the ¢ coordinate.
Equation (4.96a) represents the eigenvalue equation for TE modes, while Eq. (4.96b)

represents that one for TM modes.

4.4.1 Characteristic equations for TE and TM modes

The eigenvalue equations for TE and TM modes can be derived using a easier procedure.
We employ a simplified notation for cylindrical functions of zero order, Zy = Jy ,’H(()l) , for

the values of their derivatives on the surface ¢ = a similar to that employed in Eqgs. (4.87),
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1.0+
0.5+
0 | —
T 5 10 g
Figure 4.16: Plot of the function J3 (5a)
I3 (ka)

Jo (ka)
Hy (jva)
dJo (ka)
d (ka)

d (jya)

113

(4.98a)
(4.98b)

(4.98c)

(4.98d)
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1.0+

0.54

1 /
Figure 4.17: Plot of the function L Js (ka) :
ka J3 (Kka)

Core region

In the core region, 0 < o < a we express the field components as,

ESJ) = AoJo (ko) el (wt—B2) (4.99a)
HO = ByJy (ko) @5 (4.99D)
i OEY j dd (ko) |
O _— _J g9z 4 ) gQJ0RO) j(uwt-pz) 4.99
0 k2 o Oliﬁ d (ko) ( %
i oHY i dd (ko) |
O — 3, 2= g, 8L s 4.99d
¢ w2 M5, 0 WH d (ko) ( )
HE,O) B j 0 - —Boj—ﬂ Jo (ko) ol (Wt—B2) (4.99¢)

w2700 k' d(ko)
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Table 4.2: Nodal points of Bessel functions, J,(z) and their derivatives, J(z). (André Angot,

Compléments de mathématiques, Paris 1957.)

Jo(x) | Jilx) | Fx) | Js(x) | Julz) | Fs(@)
1| 2.4048 | 3.8317 | 5.1356 | 6.3802 | 7.5883 | 8.7715
5.5201 | 7.0156 | 8.4172 | 9.7610 | 11.0647 | 12.3386
8.6537 | 10.1735 | 11.6198 | 13.0152 | 14.3725 | 15.7002
11.7915 | 13.3237 | 14.7960 | 16.2235 | 17.6160 | 18.9801
14.9309 | 16.4706 | 17.9598 | 19.4004 | 20.8269 | 22.2178
Jo(x) | Ji@) | F(x) | F) | Ji(z) | T5x)
1| 0.0000 | 1.8412 | 3.0542 | 4.2012 | 5.3175 | 6.4156
3.8317 | 5.3314 | 6.7061 | 8.0152 | 9.2824 | 10.5199
7.0156 | 8.5363 | 9.9695 | 11.3459 | 12.6819 | 13.9872
10.1735 | 11.7060 | 13.1704 | 14.5859 | 15.9641 | 17.3128

[ 2

Tt = W N

13.3237 | 14.8636 | 16.3475 | 17.7888 | 19.1960 | 20.5755

: (0) :
E: d .
J 0 = —lwale—jO (o) lwt=52) (4.99f)

K2 do K d (ko)
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/
Figure 4.18: Plot of the functions E” E’m) =j

Cladding region

In the cladding region, a < o, we express the field components as

EO = CoHY (jyo) &) (4.1002)
H® = DoHy” (jye) =) (4.100b)
: Ego) dHW ( _

Eéo) _ J_2 58 :—COEHO.—M el wt=Fz) (4.100¢)
v do v d(jve)
i oHY wiz dHY (iv0)

g _ _J —D 0 o (Wt=52) (4.100d)

w2 0 N
4 V2 do v d(jvo)
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I —
5) Yya
Figure 4.19: Plot of the functions LM = _ilC:, (va) v=1,2,34
o jva Hy (jya) va Ky (va)’ N
C oHD anW _
HéO) — %B HO : (-]’YQ) e.](wtfﬁz) (41006)
" 0o d(ivo)
: (0) ONZ
E: d .
H"(DO) _ J_2w€28 _ 0w€2 7'[0 : (J’YQ) e](wtf,b’z) (4100f)
gl do v d(jvo)
As already found, the components form the two sets,
TE (B =0): EY, B HY
™ (B =0): HY | EY | EY
0 = a according to Eqs. (4.84) for v =0,
lim B (o) = lim E (o) (4.101a)
o—a— o—a4
lim H (o) = lim HY (o) (4.101D)
o—a— o0—a4
lim EY (o) = lim EY (o) (4.101c)
o—a— o—a4
lim HY (o) = lim HY (o) (4.101d)
o—a— o0—a4
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The continuity conditions can be established with the help of Egs. (4.99) and (4.100) for
the fields,

E, continuous

g AW (;
(£0) | ysa vodive) |
H, continuous
BoJo (k0)lyar = Doy (70)] (4.102b)
H, continuous
. 1) .
—J—waAocgo—('w) — 2 d?éo'(m) el (=) (4.102¢)
K (£0) | gsa- v d(ve) ot
E, continuous
A0y (50)ly o = CoHS) ()| (4.102d)

We rewrite this homogeneous equation set with the help of a more concise notation.

E, continuous

BO%MJO’ (ka) — DO%H(&”' (iya) = 0 (4.103a)

H. continuous
BoJo (ka) — DoHY (jya) = 0 (4.103b)

H, continuous
—%welejo’ (ka) + 00%627-[51)/ (jya) = 0 (4.103c)

E, continuous
AoTo (ka) — CoHY (jya) = 0 (4.103d)

This homogeneous equation set of four linear equations for the amplitudes Ag, By, Cy
and Dy, has a nontrivial solution at the vanishing determinant constructed from the
elements of a block diagonal matrix representing the left hand side of the equation set.

The determinant has the structure displayed in Table 4.3,
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Table 4.3: Tangential field components of TE and TM modes at the boundary surface o = a.

AO CO BO DO
E, 0 0 W g0 | =294
o, 0 0 To —H)
jw51 / WE9 (1)
H, | —=Lg | -22 0 0
® K 0 v HO
E. Jo HY 0 0
0 0 i g @itz g oy
K y
0 0 To —p)
_Jwer 4 _W€2,Hé1)/ 0 0
K g
Jo —H) 0 0

The eigenvalue equation for TE modes

i Ty (ka) | jpe HG (7a)
ke Jo(ka) A1 (1)

0 (4.104a)

corresponds to Eq. (4.96a). The eigenvalue equation for TM modes,

a1 Jy(ka) | jeo My (17a)

0 (4.104Db)
£ Jo(ka) v H((]l) (jya)
corresponds to Eq. (4.96b). The eigenvalue equation for TE modes can be rearranged to
the form,
2.2 O
py?a? Jg (ka) +j’ya%01 va) _ (4.1052)
I AT RV s
and the eigenvalue equation for TM modes can be rearranged to the form,
2.2 71 (O
g1 a k70 (Ha) : 7_[0 (J’}/CL) -0 (4.105b)

g ka Jp(ka) JfyaH(()l) (iva)

Next, we employ the recursion relations for cylindrical function including the cases v = 0
and v = +1,

Z.(2) = —2(2) (4.1062)
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g =28 _

o 2.1(2) - 2 (2)

N~ DN~

(=21 (2) = 21 (2)]
—- _z (4.106b)

This allows us to eliminate from the eigenvalue equations (4.105) the derivatives of cylin-

drical functions with respect to the argument,

wiva g (ka) A (jva)
1t K + = 0, TE 4.107
2k o (50) 31D (jya) (TE) (4.107a)

erva i (ka)  H (iva)
—_ = 0 T™M 4.107b
v Tote) Ty . (T™) ( )

4.4.2 Fields of TE modes

The profile of TE modes can be appreciated from Figure 4.20.

Figure 4.20: The field components of TE modes in circular cylindrical dielectric waveguides.

The unit vector, 2 is oriented into the page.

HY = ByJ (ko) (4.108a)
qY = ‘%Bojl (r0) (4.108b)
EY) = —Jw:lBojl (ko) (4.108c)

4.4.3 Fields of TM modes

The profile of TM modes can be appreciated from Figure 4.21.
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Figure 4.21: The field components of TM modes médu in circular cylindrical dielectric waveg-

uides. The unit vector, 2 is oriented into the page.

EY = Ay (ko) (4.109a)
o _ 8
EQ = - B(]jl (HQ) (4109b>
H;O) = J—W/:IAo.ﬂ (ko) (4.109¢)

4.4.4 Cut-off frequencies for TE and TM modes

The cut—off conditions follow from the condition v — 0. We make the use of Egs. (4.61)
and (4.62). For small ya, the cylindrical functions can be approximated,

. ) ) . .2 Tva
H(()l) (jya) = Jo (jya) + jNo (jya) =~ 1 +J; In (77)

2 (T
iZIn (ﬂ) , (4.110a)
T 2

Q

Tva

thanks to |In

> 1. Here T =~ 1,78107 = eV = e%5772156619 = The symbol v

denotes so called Euler-Mascheroni constant (p. 93). defined by the series,

= lim (1+ ! + ! + ! +-+ L)
v B2 T3 m
For small ya we further have
. 1 2 2
HY (j1a) ~ jsra—-—~-———, qa<1 (4.110b)

2 T™a m™a
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The substitution to the eigenvalue equation (4.107b) for TM eigenmodes provides step by
step,

e 1 Ji(ka) 1 HY(

(jya)
= — =0
go ka Jo (ka)  “va ’Hgl) (jya)
ONF
ﬁmajo (ra) —jya—H?l) (Jja> =0
e Julka) T A (jya)
.2 | Tvya
2,%@\70 (wa) —jvaJ—ﬂ ) 2 =0
er Jh(ka) 2
T™ya
ga  Jo(ka) 9 9 Tra
£2 2 (YY) - 4111
- Ka 71 (ra) vatln| — 0 ( )
The condition may be rearranged,
ga  Jo(ka) 9 Tra
R i S/ 1 4.112
Zra 20— a5 (@112

The limits ya — 0 can be found by making use of the 'Hospital rule applied to a indefinite
expression of the type 0 X (—oc) on the right hand side

. 1 (iya)
e
g Hi’ (jva)

2
= 'ylég() i i =0 (4.113)
(va)*  (ya)’
At va — 0, the right hand side of Eq. (4.112) goes to zero and the solution is given by”
g2 Jo(ka)

glliajl (ra) (4.114)

The cut—off frequencies/thicknesses are specified by the nodal points of the Bessel function

of zero order, Jy (ka)
Jo(ka) = 0 (4.115)

The same condition, Jy (ka) = 0 determines the cut—off condition for TE modes. The
first zero point of Jy (k) determines the lowest frequency/thickness for both TE and
TM modes, is located at (rka), ~ 2,405. The TE and TM modes have common cut—off

frequencies/thicknesses but above them their parameters, 5, x, and 7 are different.

9The zero of the ka argument, ka = 0, of the Bessel function does not represent the solution as at
ka — 0, Jo (ka) = 1 and Jy (ka) — ka/2. Consequently, ka = 0 is not a solution to Eq. (4.114).
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10 +

Jo (ka)
Ji (ka)

Y (jya)
Y (jya)

Figure 4.22: Plot of the functions /{&M and jvya entering the eigenvalue equa-

Ji (ka)

M
(
1

tions for TE and TM modes.

4.5 Hybrid modes

In Section 4.4 we were concerned with the cut—off conditions for TE and TM modes. In this
section, we investigate cut—off frequencies/thicknesses of EH and HE modes, characterized
by v # 0. The fields of these so called hybrid modes have non zero both z field com-
ponents, F, # 0 a H, # 0 (see the introduction to Section 4.4). Because of Eqs. (4.34),

they are formed by all six field components.
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10 +

ijo (ka)
rka Jy (Ka)

-

O__""éﬁ" 10
R

jl_ -

—104+

Figure 4.23: Plot of the function, J; (ka).

4.5.1 Transformation of the characteristic equation

To find the cut—off frequecies/thicknesses (core radii), we transform the eigenvalue equa-
tion (4.92). We take into account the properties of cylindrical functions. These are of

defined parity,

Z,(z) = (-1)"Z,(2) (4.116a)

We further employ the recursion relations for cylindrical functions,
2= _ iz 9~z (4.116b)
2,(:) = 5 [B1(2)+ Zosa (2) (4.116¢)

Please note that the recursion relations must be modified for the Bessel functions of third

kind, employed as the solutions to the diffuse equation, Z,(z) and K,(z). In particular,
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10 +
1 Ji(ka)
Jo = ra Js (ka)
5 L
0 ' BT
Ra
51
104+

Figure 4.24: Plot of the function, J, (ka).

125

for the solutions to the modified Bessel equation in terms of K, (7o) defined by Eq. (4.73),

., .
Ko(vo) = =i"""HD (ivo)

2

AR, (10) _ 7 oadH (e _ w41 (7o)

d(voe) 2 d(jve) 27 d(jvo)

we have,

, dK, (vo 1

KL = G0 = 3Kt (00 + Ko ()]

2v
—%’Cu (vo) = Ku-1(v0) — Kus1 (v0)

(4.117a)

(4.117b)

which differs from the results given in Egs. (4.116b) and (4.116¢) valid for Bessel and

Hankel functions.
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10 +
1 J(ka)
Js = ka J3 (Kka)

5 L

0 5 10

Ra

51

-1 4+

Figure 4.25: Plot of the function, J; (ka).
The sum of Egs. (4.116b) and (4.116¢)

Z,1(2) = 21 (2) = 22,(2)
B () Bi () = —Z,(2)

divided by two,
, v
Z.() = 2+ 720
The difference of Eqs. (4.116b) and (4.116¢) divided by two gives,

Zsa(x) = —Z,(2)+ =2, ()
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10 +

. ijg (ka)
"~ ka Ji (ka)

Figure 4.26: Plot of the function, J;" (ka).
The division of both equations by Z, (z) results in,

Zy_l (Z)

z

Zl(2) v
. - 4.11
Z,(z) Z,(2) + z (4.1182)
Zy41(2) ,(2) v
— = = — 4.118b
Z,(2) Z,0) " (4.118b)
We further divide the difference by the variable z and obtain,
120 _ 1[1Z.0) 1Z.4()
2Z,(2) 2|z Z,(2) z Z,(2)
We introduce the notation,
12 (2) 1
- = —|Z; —Zt 4.11
I EACREAC) (1119)
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1 J5(ka)
rka Jy (ka)

128
10 4
4 j2+ —
5
@)
_5 1L
-1 4+
with

In the special cases,

10
ra

j_

Figure 4.27: Plot of the function, J;" (ka).

+ _ lzuil (2)
Zl/ (Z) - > Zl/ (Z)
+ . ijuil (K'a)
I (ka) = ka J, (ka)
@ s
H,:jt (J’Ya) _ 1 Huil (.]fya)

Jva ’Hl(,l) (jya)

(4.120)

(4.121a)

(4.121D)
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10 +
+ 1 Ja(ka)
Js' = rka J3 (ka)
5 L
0 5 SRR
Ra
51
-1 4+

Figure 4.28: Plot of the function, J;" (ka).

The substitution according to Eq. (4.119)

I<Lla ?I: E/@a; % [jui (Ha) - j;r (HCL)}
(w@ lﬁr( e
5 Lty iva) = My (jva)]

J7“7iu (jva)
into the eigenvalue equation (4.92),

[ vwa Ba

k20q2 ,-)/2 a?

L Jy(ka) 1 MY "(jva) glj’( a)
M T, (k) "0 1D (jra) | | a7, (k)

2
(51M1 - 52#2)]

b Hu
J'Y@ HY

(v
(v

a)
a)

129

(4.122)

(4.123)
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1K, 1 Hyi _
Figure 4.29: Plot of the functions, K, = L Rave) 1 Hea(7a) H , v=1,23.

va Ky(ya) — jya Hy(jya)
provides, by making use of Eq. (4.122) and after the division by the product eaps

1/2 2
2vwa fBa (e2p12) " (E1pnn
-1
k2a?vy2a? E9/l2

- B - g - -]

x {— (T = T) — (Hy - Hi)} (1.124)
2
We denote,
€
2= £, Mo i, (51u1)1/2w =k, (62,&2)1/2w =ky (4.125)
€2 M2
and transform Eq. (4.124),
koa Ba 2
2v <€,LL — 1) m}

= [/v‘ (ju_ - \71/+) - (H; - Hz—fi—)} [5 (jv_ - \71/+) - (%; - Hj)}
(4.126)

We now have to perform a rather cumbersome rearranging on the right hand side of

this equation. This will allow us, by making use of the recursion relation, to eliminate
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1 o+
10+ 2
K3
5L
Ky
T —
o 5) ya

Figure 4.30: Plot of the functions, K = LK) 1 Hosilive) = -H}, v =

ya Ky(va) —  jya Hy(jya)
1,2, 3.

cylindrical functions from the sums 7, + 7,5 and H, +H; . This will be the first step in

a procedure leading to a considerable simplification of the eigenvalue equation. We have

(T, =T = (", = H)] [e (T = TF) = (H, = H))]
= [(wI, = Hy) = (uTf =MD [(eT7 —H,) = (77 = H])]
= (I —H,) (T, —H,) + (T —H)) (TS —H))
— (wT; —H)) (T} —HY) — (nT) —H) (T, —H,) (4.127)

We subtract and add the expression in the last row in Eq. (4.127), i.e.,
(wd, =H,) (T, =) + (uT = 1)) (€T, - H,)

to get
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We rearrange the first four terms (underlined) on the right hand side of this equation,

[ (7, =T7) = (Hy =H) [ (0 = Tf

) — (H, —#,)]
= (nJ, —M,) (T, —H,) + (nT, —H,)
M)

—H)

")+ (7.
+ (uj+ (T —H)) + (T —H)) (eT, —H,)
2 (uJy — 1) (20 — M) —2(ud — 1) (0, — )
We leave unchanged the left hand side and last two terms on the right hand side of this
equation,
e (J, = 37) = (", - V)H (J’—~7+) (M, —#H))]
(nTy =H,) [, =H,) + (e = H))]
+ (0TS 1) [T, = H)) + (27 = )]
- 2(pnd, —H,)) (T - ) 2T —HE) (T, —Hy)
[(M — M)+ (W+ ")) [(é‘J —H,) + (7 - )]
= 2(nd, —H,) (e —Hy)=2(pd) - H)) (e, —H,)

and get on the right hand side,
(T, =T7) = (M, = H))] [e (T, - T) = (W, = 1])]
= (M (*711— + jv+) - (H; + ,H:_)} [g (jv_ + jj) - (H; + Hj)}
= 2[(nT; —H,)) (eTf —H)) + (nT —H)) (e, - H,)] (4128)

The sums J,; + J,7 and H, + H, were underlined. We take into account the recursion
relation, Eq. (4.116¢),

Z,1(2)+ 2,41 (2) 2v
= — 4.129
Z () Z (4.129)
and compute, with the help of Eq. (4.120),
1Z,1(2) 1Z,,4(2) _ 2v
- - =Z Zr = = 4.1
S0 2z s () + 27 (2) > (4.130)
We apply this general result to the special cases, J, + J,” and H, + H
J; T (ka) = =~ 4131
v (Ha) + v ("ia) - /<L2CL2 ( . a)
— . + /- 2v
H, (ya) + M, (jha) = — (4.131b)

,-Y2a2
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From the first term on the right hand side (underlined) of Eq. (4.128) we eliminate the

cylindrical functions,

(1 (T, +T5) = (Hy, +HD))] [e (T, +T5) — (H, +H))]

2v 2v 2v 2v
- '“,462&2 + 7242 6/@'2@2 + 72a2
2w\ " 1 € 1
e

_ (%)2 (17 + #) (4 + 17 (4.132)

The expression (uy? + x%) (7% + k%) rearranged becomes,

(17 + K (e’ + %) = epy' + (e 4+ p) VK> + £

(4.133)
We apply the relations from Egs. (4.74) and (4.79)
v o= B — (Weans) = B — k3 (4.134a)
K = (W2€1M1) - 52 = k% - 52 =Eu (w252,u2) - 52
= epk; — B2 (4.134b)

where, because of Eq. (4.125), the propagation constant in the core equals k¥ = euks .
We eliminate 42 and x? from Eq. (4.133)

(17* + 5%) (77 + 1)
= en (B =K+ (e + ) (B2 — K3) (epkd — B°) + (epk3 — 37)°
= epf = 2epfPk3 + epky + (¢ + ) (epki 5% — epksy — B + k35%)
+e?1i’ky — 2euka B + B (4.135)

We rewrite this expression as a sum of terms proportional to 3%, k3 and k232,

(17" + %) (e7* +#7)
= [(ep+1) = (e + W] B* +eplep — (e + p) + 1] k3
+[—dep + (e + p) (ep + 1)] k352
= (e=1) (=18 + (e =1) (n— 1) epky + k35° [~dep + (¢ + p) (epp + 1)]
(e=1) (n—1) (8" +epky) + k38 [~dep + (e + p) (epp + 1)]

(4.136)
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The term proportional to k2% can be rearranged to,

—dep+ (e +p) (ep+1)

= —Aep+(Et+p)Ept+)+Ep+)E-D)E—-1)—(pt+1)(e-1)(p—1)

= —dept(ep+[e+p)+e-D -0l =(ep+1)(E-1)(p—-1)

= —dep+(ep+1)" = (ep+1) (e = 1) (u—1)

= =1 = (et ) =) (= 1) (4.137)

Then we have

(
= (e—1)(n—1) (B +epky) + k35* [(epn — 1)* = (ep+ 1) (e — 1) (u — 1)]
= (e=1) (p—1) [B* = (en+ 1) k38° + epks] + k3% (epn — 1)°
= (e=1)(n—1) (8> —k3) (B> — cpk3) + k35” (epn — 1)°
= —(e—=1)(n—1)VK + k30" (ep — 1)° (4.138)

In the last step, we have employed Eqs. (4.134) for 42 = 32 — k2 and —k? = 8% — euk3 .
In this way, we have acquired all partial results required for the final transformation of

the eigenvalue equation (4.126),
ko 7
|:2V (ep—1) /@252(12}
= [ =3 - (M, —H))] [ (T, = TF) = (M, — 1))

In the first step, we transform the right hand side of this equation according our results
and leave the left hand side unchanged. The use of Eq. (4.138) leads to the form,

(ez ) e ks
= (@ +30) = (1, +31)] [ (T + 7)) = (H, + 7))
— 2[(nT; —H)) (T —HY) + (nT) —HY) (eT, —H,))]

In the second step, we eliminate the cylindrical functions by making use of Eq. (4.132)

(%) (ep— 1) o

a?k?
2v ? 2 2 2 2
= m (M’V + K ) (6’7 + K )

= 2[(nd = H,) (8 —H) + (0T - W) (T, —H,)]
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The use of Eq. (4.138) gives,

(%) (e — 1) kB

a?k?

_ (2_'/) {—(e=1)(un— 1)K+ [(ep — 1) k28] }

CL2/€2’}/2

- 2[(ng; —H,) (T —H) + (nT) —H)) (T, —H, )]

The distribution of the curly brackets, {}, in the first term on the right hand side,

(2—) (ep— 1) o

a /i2fy

- () v e () e

a?k?

2T~ M) (TS~ M)+ (nT —H) (=0, )] (4139)

The single term on the left hand side is canceled with the underlined term on the right
hand side of this equation. We finally arrive at an alternative form of the eigenvalue

equation in cylindrical dielectric fiber waveguides with a step index profile,

(1T —H) (2T —HE) 4 (n T —HE) <eJ;—H;>——2( ) (e~ 1) (u—1)

a’kry

(4.140)

where the meaning of JF and H* is given by Egs. (4.120),

+ ijuil(ﬁa)
Iy (ka) ka J,(ka)
1 .
Hf(J’Y@) _ LHuil(J’ya)

e 1, (jya)
We have left the concise notation, € = €1/es and p = py/pe. Equation (4.140) will be

employed in the search for cut—off product of frequencies and core radii.

The eigenvalue equation can also be written in the form,

) -0
(4.141)

2(ued, I+ H 1) — (n+e) (T, 1y + T H, )=—2 (

a’kry

The eigenvalue equation can be simplified for e — 1 = 0 or g —1=0. In fibers of
nonmagnetic core and cladding (or in fiber with both core and cladding of the same
magnetic permeability), corresponding to p — 1 = 0, we get a simplified form of the

eigenvalue equation,

(T, —H,) (T —H)+ (T —H) (ed, —H,) = 0 (4.142)
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4.5.2 Approximation for Hankel functions of small arguments

The cut—off frequencies/thicknesses correspond to the situations where ya — 0. To find
the cut—off frequencies/thicknesses we need the approximations for Hankel functions of
the first kind at small arguments, va, i.e., for ya < 1. Please note that forv =0 av =1
the approximations have been already employed in Egs. (4.110). The approximations can
be deduced from Egs. (4.61), (4.62) and (4.63),

2 T
Hy (jya) ~ j=In (—;a) T R 1 TRI0T = e¥ = TR0 (4 1434)
T
-/ 2\
HY (jra) ~ -] 1) (—) , v>1 (4.143D)
s jya
We remind the relevant properties of cylindrical functions from Eqs. (4.116),
Z,(:) = (“1)'Z,(2)
dZ, (z 1
Z,(z) = % = 3 [Z-1(2) = Zu41 (2)]
2v
Z,1(2)+Z,51(2) = —2,(2)

z

The approximations to H, (Figure 4.29),
1A (ha)

- = 4.145)
e 345 (jya) |
must be deduced from Egs. (4.143) separately for » =1 and for v > 1.
- = 1A (ha)
1= s )
ha#; (ja)
2 Tva
j—1In
Hf ~ i—ﬂ- 2
TR
7T ja
ie.,
T
HT ~ —In (%) L ra<1 (4.146)
For v > 1, we get,
(=27 2\
H o~ ERRT ;
jya  (v—=1)! /[ 2
) T jya
1 1
~ e (4.147)

jra(v—1) 2
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ie.,
H, ! >1 <1 (4.148)
1% a .
v 2w —1) 7
! ( 2 )VH
1 —J— \
2+ = 1M1y, () o L T \jya
Y e 1Y (ya) jna j(V— nt2
T jya
12
~ — (4.149)
jrajya
le.,
n 2v
H ~ — , v>1, yaxk1 (4.150)
(va)

4.5.3 Mode v =1 of zero cut-off frequency

We look for the fundamental mode of zero cut —off frequency/thickness, if exists. To
the cut—off condition, ya — 0 we associate the condition ka — 0. We employ the

approximations to Bessel functions at ka — 0. These can be found from Eq. (4.61)

1 v
T, (ka) =~ ;(%) L ka<l, v>0 (4.151)
In particular,
Jo(ka) ~ 1, ra<k1 (4.152)
We establish
1 41 (ka)
+ — +1
= ——— 4.153
Ty ka J, (ka) ( )
and
_ 1 Jy-1 (ka)
= ——— 4.154
Ty ka J, (ka) (4.154)

at ka — 0. We obtain

1 (ma)l’“
1 (v+1) 2
+ o~
jy =~ KaQ 1 </‘€(I>V
v\ 2

1 v! ka
ka (v +1)! 2

Q
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ie.,
JS = ! Ka < 1 (4.155)
v 2(v+1)’ '
1 ra\v—1
7~ L=D (7)
B
v\ 2
_ 2v
J= =~ 5, ko<1 (4.156)
(ka
In the special case, v =1
1 Jo (ka) 1
== - 1 4.157
' ka J (ka) 3 e ( 2)
g = Lo (ra) S, ke <1 (4.157b)
ka Ji (ka) (ka
Hf = ——, yak1 (4.157¢)
(va)
_ Tva
H, =~ —In 5 , T~1,78107, ~va<k1 (4.157d)

Here, we have included the previous results for H{ and H; at ya — 0 given in

Eqs. (4.146) and (4.150).

We can now apply the approximations to the eigenvalue equation (4.140) restricted to

the order v =1,

(le_ - Hl_) <5~71+ - HT)WL(NJJ -

We get,

e = (57 L5

]

~
~

W) (ea —H)= -2

(vi)Z} " {% i (72)2

a’kry

) (- 1)(u—1)
(4.158)

(4.159)
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2
Obviously for ya — 0, we have —— > 1 and W > % . This allows us to write,
ya

[<2ﬂ> (53] G LS;Z (137

We remove the common factor, —,
(va)

L:T“)Q +1n <%)} + {(575)2 +1n (%)} ~ —<;)2 (e—1)(u—1)

and after some manipulations,

2(u+e)+(e—=1)(n—1) Tya\
(ka)® e (T> =0
D)) |, (T
(ka)? v 2 ( 2 )

we arrive at

(+1) (e +1)

5 In

9 \2
= 4.160
(T’Va) (160
At ya — 0 and ka — 0, both the left hand side and the right hand side increase to +oc .

This equation has the solution for both ya — 0 and ka — 0.
We rewrite Eq. (4.160) in terms of effective guide index, N = ¢f/w. In the limits
va — 0 and ka — 0 N goes to nsy, i.e., N — ny

wa 1/2

—T (N? —n3)

1 1 2

(et e+ D) +1In |-€ ~ 0 (4.161)

TN

(ka)

For the sake of simplicity, we confine ourselves to the situations where the magnetic
permeabilities in the core and in the cladding are equal to each other, which is often the
case. Then py; = po, consequently y = 1. Equation (4.161) simplifies to the form where
2
ny

-1,
ny

E =

(4.162)
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We compare the expressions on the left hand side and on the right hand side of this
equation. For N — ny the solutions to this approximate eigenvalue equation are the
values, 24 0. Indeed, the graphical solutions to Eq. (4.162) in Figure 4.31 are given
by the inctersections of the function of N

2
2 (1 + ”—;)
fu(Nowa) = —— 12 (4.163a)
(&) -
c
which, at a fixed value of wa varies slowly when N — ns, and the function of N
4
fy(N,wa) = In TR (4.163b)
() (v i)
c

which asymptotically approaches the vertical axis as N — ns . Both the functions increase
to infinity as wa — 0. Figure 4.31 displays the intersection points of these functions
associated to a particular value N and wa representing the solutions in the region of
small arguments, ya and ka. The solutcion to the approximate eigenvalue equation,
Eq. (4.162) at a given value of wa/c can be expressed in terms N, or in terms 7, or K

for a given radius of the core, a. These parameters are coupled by equations

- (w2€1ul—52)1/2 _ %( 2_N2)1/2
1= () = (N )

results of numerical evaluation of Eq. (4.161) at g = 1 are shown in Figure 4.32.

4.5.4 Cut-off frequencies of higher v =1 modes

We consider the cases ya — 0 but ka # 0. We substitute into the eigenvalue equation

) (e~ 1)(u—1)
(4.164)

(uTy = Hy) (e = M)+ (T —HY) (e —Hy)=—2 ( 21

a*Kry

the approximations to the Hankel functions, H{ and H; according to Eqs. (4.157¢) and
2
e

(4.157d),
g (5] s oo

(ka)
(ka)

¢ o ()] gt )
)

ka Jq (ka (va)
(4.165)
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“4_ 0,20

C

crw

(n? — N2)w2a?

0 ' | : | ' | : |
1,400 1,402 1,404 1,406 1,408 N

Figure 4.31: Graphical solution to the eigenvalue equation in a cylindrical dielectric fiber
waveguide for small values of the vacuum propagation constant, w/c and/or for small values of
the core radius, a, i.e., for the values wa/c = 0,20 0,25 0,30 0,35 and 0,40. The magnetic
permeabilities in the core and in the cladding are equal. The real index of refraction in the core
assumes the value, n;y = 1,5. The real index of refraction in the cladding assumes the value,
ng = 1,4. The effective guide index is confined to the range, nos < N < ny. The figure shows
the region where N — ny. The full circles indicate intersections of the functions with the same

values of the parameter, wa/c.

This equation can be rearranged by the multiplication of both sides with (ka)® Jp (ka)

{ujo + kaJ: In (%)} {6% + majlig]

2 (va)
+ {5% + kaJ; In (%)} {ujg + na%é]
= 2T (1) (4.166)

(va)
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ya

0 : | : , : | : : : :
0,0 0,1 0,2 0,3 0,4 0,5 wa/c

Figure 4.32: Approximate solutions to the eigenvalue equation in a cylindrical dielectric fiber
waveguide in terms of the effective guide index, IV, in terms of product of the transverse prop-
agation constant, x, and the core radius, a, i.e., ka, and in terms of product of the damping
constant, v and the core radius, a, i.e., ya, expressed as functions of the product of the vacuum
propagation constant, w/c and the core radius, a, i.e., wa/c. The magnetic permeabilities in
the core and in the cladding are equal. The real index of refraction in the core assumes the
value, n; = 1,5. The real index of refraction in the cladding assumes the value, no = 1,4. The
effective guide index is confined to the range, no < N < n1. In the region, wfca — 0 the effective

guide index N tends to ng, N — no.

At (ya)> = 0

eJo < (ka) Jliz (4.167a)
(va)

wJr < kady (4.167b)

2
(va)®
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(excluding, perhaps, the nodal points of J;)

Tra 2
[MJO + kaJi In (L)] kaJi—
2 (va)
T 2
+ [ejo + kaJi In (ﬂﬂ kaJ,——
2 (va)
—2772
=g (e=1)(u-1)
"a)
(4.168)
Equation (4.168) can rearranged after the division by 5. We get,
ya
2 Tya
(u+e)rady+2(ka)” JiIn e +e-—1D)(p-—1)N"|FHh = 0
(4.160)

One set of solutions is given by nodal points of the Bessel function 7 (ka), excluding

ka =0, i.e.,
Ji(ka) = 0, kra#0 (4.170)

and determines the cut—off frequencies/thicknesses of so called EH modes numbered as
EH,, EHyo, EHy3, EHyy, ... EHy,, .

The nomenclature of guided modes in cylindrical dielectric waveguides with a step in-
dex profile employs the notation EH,,, and HE,,, . The first subscript gives the azimuthal
number, v, or the order of a corresponding cylindrical function (associated with the 2z
field components) and the second one gives the radial number, p, or the numerical order
of nodal points associated with the Bessel function, 7, (ka)."

Another set of solutions follows from

(1 + ) kaJy + 2 (ka)* Ji In (%) +(e—1D(p—-1)T =0
(4.171)
which can also be expressed as,
i = i (ra) SRS o (sa)
2 (ka)®In (T_”Ya) —(e—=1)(p—1)
(4.172)

10The conventional notation of the radial number is employed as a subscript and cannot be confused

with the permeability ratio, p = p1 /s .
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The limits on the right hand side

lim. (e +2€) rado (xa) =0 (4.173)
"2 (ka)? In (TW) —(e—1)(u—1)

is zero. Consequently, the cut—off frequencies/thicknesses are determined by the same

condition,
Ji(ka) = 0, kKa#0 (4.174)

as in the case of EH;, modes. These modes are denoted as HE;,. Above the cut—off,
they are not degenerate with EH,;,, modes. The numerical order starts at HE15 , as HE;;

is reserved for the fundamental mode of zero cut—off, ka — 0.

4.5.5 Cut-off frequencies of v > 2 modes

In the eigenvalue equation,

(T —H) (T —HE)+(uTf —H) (e —Hy)=—2 ( ) (- 1)(u—1)

a’kry
(4.175)
we replace JF according to
1 Jyx1 (ka)
+
= 4.176
Ty ka J, (ka) ( )
and employ the approximations for 7, and H; from Eqs. (4.148) and (4.150),
* 2v
W o~ - u>1 (4.177)
(va)
", ~ ! > 1 (4.178)
TR R ‘

We get,

ijufl 1 iju+1 2v
ka J, 2(w—=1)] ke T, = (ya)®
ijy—l 1 ﬂju—&-l + 2v
ka T, 2(w—1)] |ka T, (rya)z

— 9 (aiwy (e—1)(n—1) (4.179)
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After the multiplication of both sides by (/fa)2 J?, the equation transforms to

kalJ, v
Jv1— 57—\ |edy +/€a\7y—}
[M IO 1)} { o (ya)?
kal, 2u
20 s s 2]
|: ! 2 (V — 1) + (7@)2
—21?
The terms ( y)zl-mjy dominate at ya — 0. Then the terms 7,1 and pJ,4+1 become
ya
negligible with respect to them, and we can write,
kaJ, 2v kal, 2v
w1 — —} KaJ,—— + [sjy_ — | kad,——
|: ! 2 (I/ — 1) (f'}/a)z ! 2 (V — 1) (7@)2
202
oD (=1 T =0 (4.181)

This can be rearranged to

2v kaJ, 202 9
Y kad, g D (p-1)T2=0
e (AR R | R G LR K
(4.182)
The division by _1/2 provides,
a
sy (14 €) G — 2P ey (u-1) 3| =0
\EI,{-Z U (v=1)  ka ]
HE
(4.183)

There exist the solutions of two types for the cut—off. One is determined by the condition,
J,(ka) = 0, ka#0, v=23/4,... (4.184)

and defines the cut-off for EH,,, EH,, EH,3, EH,4, ... EH,,,
follows from the equation (4.183) after the removal of ka7, # 0
Ka vie—1)(p—1)

(w+e)T-1— T o J, =0, v>2 (4.185)

v > 2. Another one

and defines the cut-off for HE,,, modes.
It can be shown that ka — 0 is not a solution for the cut—off for the modes of

the order v > 1. In the opposite case, the monomode regime would not be possible.
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The substitution into Eq. (4.175) for the approximate H; and H; from Eqs. (4.177) and
(4.177) for v > 1 in the limits, ya — 0 has given

| RN | S
=9 (a2’27>2(6_1) (= 1) (4.186)
We introduce
gE = %j}fl(fﬁ) (4.187)

and suppose ka < 1. The use of the approximation from Eq. (4.151) and the definition
for 5 and J; given in Egs. (4.119) or (4.121a) provides,

g, ~ %(%) ka<1, v>0 (4.188)
and,
1 Kka\ v+1
w1 Jma(ka) 1 (vt 1) <7>
Y ka J,(ka)  ka i(@)”
v\ 2
1 vl ka
T oka(v+1) 2
ie.,
T~ 1 (4.189)
v 2(r+1)
and,
1 ka\v—1
~ 1 Ja(ke) 1 (v—1)! (7)
Y ka J,(ka)  ka i(’i“)”
v!\2
1 vl 2
~ ka(v—1)ka
i.e.,
_ 2v
J, ® —, v21 (4.190)
(ra)

The substitutions for 7 into Eq. (4.186) gives,

e~ 51 55 * )
i [“2 <v1+ D wQ)] h:) - 2(1/1— 1)]

— 9 (a;w)Q (e—1)(u—1) (4.191)
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With the restriction to the terms dominating at ya — 0 and xka — 0, we have

v 2v v 2v v\
c 2 e—1 -1)=0
" (ka)? (o) ' (va)* (ka)’ ! (“2”“) ey
(4.192)
simplified step by step to
202 2(e4+p)+ (e —1) (u—1)] —0
(va)® (ka)®
e+t oo (4.193)

(va)* (ka)®

This equation has no solution for ya — 0 and xka — 0. Consequently, ka — 0 cannot be

a solution for cut—off of modes of the order v > 1.

4.6 Weak guiding approximation

In practical fibers, ¢ = 1 and =~ 1. From the cut-off condition for HE,, modes given
by Eq. (4.185)
Ka vie—1)(p—1)

(,u‘i‘g)jufl_ (l/—1>_ G jz/zoy v>2

we get with the small term proportional to (¢ — 1) (u — 1) removed,

Ra

2Ty — ——T, ~ 4.194
\.71/ 1 (y — 1)\71/ 0 ( 9 )
ie.,
-1
g, ~ 2= Vg (4.195)
Ka
In the recursion relation given in Eq. (4.116¢)
2v
Z,4(z2)+ 2,401 (2) = 721, (2) (4.196)
we shift the order, v — v — 1 and get
2(v—1
ZV_Q (Z) + Z,/ (Z) = %Zy_l (Z) (4197)

In the special case of Bessel functions, Z, (z) is replaced by J, (ka)

Tos (5a) + T, (ka) = 2=V 7 e (4.198)

Ra
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Table 4.4: The cut-off condition, (ka),, for the modes of orders v = 0,1,...3, in the fiber
characterized by €1/e9 = 1,1 and p1/pe = 1,0. After Dietrich Marcuse, Light Transmission
Optics, Bell Laboratories Series, Van Nostrand Reinhold Company, New York 1972, pp. 305 -

313.

v\ 1 2 3 4 5 Mode Cut—off
0 | 2,405 | 5,520 | 8,654 | 11.792 | 14.931 | TE,TM | Jy (ka) =0
1 0 [3832] 7,016 | 10.174 | 13.324 | HE | 7 (ka) =0
1 3,832 | 7,016 | 10,174 | 13.324 | 16.471 EH J1(ka) =0
2 | 244 | 554 | 867 |11.799 | 14937 | HE | J(ka)~0
2 | 5,136 | 8,417 | 11,620 | 14.796 | 17.960 | EH | J (ra) =0
3 || 3.882 | 7.044 | 10.193 | 13.339 | 16.483 HE Ji (ka) =0
3 | 6.380 | 9.761 | 13.015 | 16.224 | 19.409 EH Js (ka) =0

The use of this result in the simplified cut-off condition for HE,, modes given by
Eq. (4.194) or by Eq. (4.195) results in

2(v—1

qufl (KJCL) = jufZ (KJCL) + jzx (Kva) ~

Rra

J, (ka) (4.199)

The condition can only be satisfied at J,_2 (ka) ~ 0. The cut-off condition for HE,,

maédu in the approximation of weak guiding where (u +¢) — 2, is given by

Jy—o(ka) = 0 (4.200)

The approximate condition for HE,, modes coincides with the exact cut-off condition
for EH,_5 , modes. In special cases v = 2 and v = 3 this conclusion is illustrated in
Table 4.4.11

4.7 Nomenclature of guided modes summarized

4.7.1 Fundamental mode HE;

The fundamental HE;; modes display theoretically a zero cut—off frequency or thickness.

As aw/c increases, the fiber allows the propagation of TEy; and TMgy; modes with the

UDietrich Marcuse, Light Transmission Optics, Bell Laboratories Series, Van Nostrand Reinhold Com-
pany, New York 1972, p. 302.
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common cut-off frequency, (ka), = 2,405, corresponding to the first nodal point of the
Bessel function of zero order given by Jy (ka) = 0. At the cut—off frequency, the argument
ka = (N? — n2)'/? Y a goes to (ka),, where the effective guide index N (wN/c = f3) goes
to ng, i.e., N — ngc. This means for the frequency f related to the angular frequency w

by w=2nf,

(ka), = (n% — ng)l/2 %)a =2 (n% — ng)l/2 )\a =27 (nf — ng)l/2 %a = 2.405.
- (4.201)
From this, we deduce the range where the fiber is monomode,
0<fc_205¢ (4.202)

2ma (n2 —n2)'/?*’

The ratio of the vacuum wavelength to the core radius required for the monomode regime

should not fall bellow the value given by,

A 27 1/2
> 2 _n? 4.203
. 2 gaos i) (4.203)
or approximately below
AV&C
> 2611 (n2 —n2)"?. (4.204)
a

In terms of the vacuum wavelength, A... , the range of monomode regime can be expressed

as

2
2:35 (n2=n2)"? < Aae < 0. (4.205)

4.7.2 TE,, ("EHy,”) and TM,, ("HE,”) modes (1 =1,2,3,...)

TEy, modes (also EHy,) and TMy, modes (also HEg,) have common cut-off frequen-
cies/thicknesses given by the nodes of the Bessel function of zero order, J;(ka), the

solutions to Jy (ka) = 0.

4.7.3 EH,, modes (v=1,2,3,...,u=1,2,3,...)

The cut-off frequencies/thicknesses of EH,,, modes are given by the nodal points of Bessel

functions, J, (ka) . Nodal points are the solutions of 7, (ka) =0, ka # 0.

474 HE,, modes (v=1,2,3,...,u=1,2,3,...)
v=1

(a) HEq;, the cut—off frequency /thickness is zero,
(b) HE;, (p > 2), the cut—off frequencies/thicknesses are given by J; (ka) = 0, the nodal
points of the Bessel function of the first order, J; (ka), ka # 0.
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v>1

the cut—off frequencies/thicknesses are given by the condition,

(+2) s — Ka _u(e—l)(,u—l) T =0

v—1 KaQ
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